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Abstract

We consider a type of singular limit problem called the fast reaction limit. The problem of the fast reaction 
limit involves studying the behaviour of solutions of reaction–diffusion systems when the reaction speeds 
are very fast. Fast reaction limits of two-component systems have been studied in recent decades. In most of 
these systems, the fast reaction terms of each component are represented by the same function. Fast reaction 
limits of systems with different fast reaction terms are still far from being well understood. In this paper, we 
focus on a reaction–diffusion system for which the reaction terms consist of monomial functions of various 
powers. The behaviour of interfaces arising in the fast reaction limit of this system is studied. Depending on 
the powers, three types of behaviour are observed: (i) the initial interface vanishes instantaneously, (ii) the 
interface propagates at a finite speed, and (iii) the interface does not move.
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1. Introduction

Singular limit analysis is an important method of reducing the freedom of systems and de-
riving essential dynamics. In recent decades, singular limits of reaction–diffusion systems have 
been studied intensively in cases where the effects of the reaction terms are very large compared 
with those of the other terms. This type of limit is called a fast reaction limit. Hilhorst et al. [13]
considered a type of two-component reaction–diffusion system that originates from a chemical 
reaction, namely,

{
ut = �u − kuv in QT := � × (0, T ],
vt = −kuv in QT ,

(1)

where � is a bounded domain in RN (N ∈ N) with smooth boundary ∂�, T is a positive constant 
and k is a positive parameter. It was shown that the limit of the solution (uk, vk) of (1) as k tends 
to infinity is represented by the solution of a certain free boundary problem; namely, the so-called 
one-phase Stefan problem. This result means that the supports of the limit functions u and v are 
separated by an interface that moves with a finite speed. Hilhorst et al. [14] and Eymard et al. [8]
extended the previous study to systems of the following type:

{
ut = �φ(u) − kF (u, v) in QT ,

vt = −kF (u, v) in QT ,
(2)

where φ is a nondecreasing smooth function and F is smooth and nondecreasing in both argu-
ments (see [14,8] for further detail). A typical example of the reaction term F(u, v) is given by 
upvq , with constants p, q ≥ 1. The limit problem of (2) can also be described by the one-phase 
Stefan problem, provided that φ(u) = u and F(u, v) = upvq . Evans [7] investigated a system 
consisting of (1) with diffusion term �v in the equation for v. He demonstrated that the limit 
problem as k tends to infinity is described by the two-phase Stefan problem with zero latent 
heat. Dancer et al. [6] and Crooks et al. [4] considered a Lotka–Volterra competition–diffusion 
system with large competition rates. It was shown that the habitats of two competing species 
are spatially segregated, and that the limit problem consists of the two-phase Stefan problem 
with zero latent heat. Murakawa and Ninomiya [20] investigated the limit problem of a three-
component competition–diffusion system. For additional related work, we refer the reader to 
Bothe and Hilhorst [1], Bouillard et al. [3], and Hilhorst and Murakawa [12] for systems with 
reversible reaction terms; Murakawa [18] for approximations to degenerate parabolic problems; 
and Iida and Ninomiya [16], Iida et al. [15] and Murakawa [19] for approximations to nonlinear 
cross-diffusion systems. The two-component systems in the above references can be summarised 
in the following system:

{
ut = d1�u + f (u) − kF (u, v) in QT ,

vt = d2�v + g(v) − kG(u, v) in QT ,
(3)

where d1, d2 are constants satisfying d1 > 0, d2 ≥ 0, and f , g, F , G are nonlinear functions. In 
[4,6–8,13,14], each system satisfies F ≡ G �≡ 0. Under this restriction, it follows from (3) that

ut − d1�u − f (u) = vt − d2�v − g(v). (4)



Download English Version:

https://daneshyari.com/en/article/5774022

Download Persian Version:

https://daneshyari.com/article/5774022

Daneshyari.com

https://daneshyari.com/en/article/5774022
https://daneshyari.com/article/5774022
https://daneshyari.com

