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Abstract

In this paper, we study the well-posedness and the blow-up criterion of the mild solution for the 3D in-
compressible MHD equations in the framework of Fourier–Herz space involving highly oscillating function. 
First, we study the well-posedness of the incompressible MHD equations by establishing the smoothing ef-
fect in the mixed time–space Fourier–Herz space, which include the local in time for large initial data as 
well as the global well-posedness for small initial data. Next, we prove the blow-up criterion, that is, if 
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2− 3

p
+ 2

r2
p,q for 1 ≤ r1, r2 < ∞, the mild solution to the MHD equations 

can be extended beyond t = T . More importantly, we give a better blow-up criterion in which we require 
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1. Introduction

In this paper, we consider the Cauchy problem of the incompressible magneto hydrodynamics 
(MHD) equations in R3 ×R+:⎧⎪⎪⎨⎪⎪⎩

∂tu − ν�u + (u · ∇)u + ∇p = (b · ∇)b,

∂tb − μ�b + (u · ∇)b = (b · ∇)u,

divu = divb = 0,

(u, b)|t=0 = (u0, b0).

(MHD)

Here, u, b and p describe the velocity field, the magnetic field and the pressure respectively. 
Besides, ν > 0 is the kinematic viscosity and μ > 0 is the magnetic diffusivity.

The incompressible MHD system coming from magneto-fluid mechanics is the study of the 
magnetic properties of electrically conducting fluids. Roughly speaking, it is a combination of 
the Navier–Stokes equations of fluid dynamics and Maxwell’s equations of electromagnetism. In 
the past years, many famous physicists and mathematicians study them and made more progress. 
In [16], Leary gave the concept of weak solutions and proved global existence of weak solutions 
for the initial data u0 ∈ L2(R3) to the Cauchy problem for the 3D incompressible Navier–Stokes 
equation. Follow the study line of the incompressible Navier–Stokes equations, we see that the 
solutions of (MHD) also enjoy L2 energy estimate:
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Based on this energy estimate, Duvaut and Lions [9] and Sermange and Temam [22] proved that 
there exists at least one global-in-time L2-weak solution (u, b) satisfying

(u, b) ∈ (
L∞([0, T );L2(R3))

)2 ∩ (
L2([0, T );H 1(R3))

)2 for ∀T > 0.

However, the uniqueness and regularity of weak solution for the 3D MHD equations have re-
mained an open problem.

The another study line is to study the strong solutions of problem (MHD). For sys-
tem (MHD), it is well-known that if (u, b) is the solution corresponding to the initial data 
(u0, b0), then (uλ, bλ) � (λu(λ2t, λ(x)), λb(λ2t, λ(x))) is also a solution with initial data 
(u0λ, b0λ) � λ(u0(λx), b0λ(λx)). Thus, one can define the critical space which is invariant un-
der the above scaling. As b = 0, it reduces to the 3D incompressible Navier–Stokes equations. 
Inspired by this scaling analysis, Fujita and Kato [10] showed that it is locally well-posed in 
Ḣ

1
2 (R3) and globally well-posed in Ḣ
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2 (R3) for the small initial data. Later on, Kato [14] ob-

tained the similar result for the initial data in L3(R3). After that, Cannone [3] and Planchon 
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T and a unique local-in-time mild solution (u, b) to (MHD) such that
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