
Available online at www.sciencedirect.com

ScienceDirect

J. Differential Equations 263 (2017) 3533–3549

www.elsevier.com/locate/jde

Non-autonomous maximal regularity for forms given by 

elliptic operators of bounded variation ✩

Stephan Fackler

Institute of Applied Analysis, Ulm University, Helmholtzstr. 18, 89069 Ulm, Germany

Received 15 November 2016; revised 7 April 2017
Available online 18 May 2017

Abstract

We show maximal Lp-regularity for non-autonomous Cauchy problems provided the trace spaces are 
stable in some parameterized sense and the time dependence is of bounded variation. In particular on L2(�), 
for Lipschitz domains � and under mixed boundary conditions, we obtain maximal Lp-regularity for all 
p ∈ (1, 2] for elliptic operators with coefficients aij : � →C satisfying aij (·, x) ∈ BV uniformly in x ∈ �.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Let X be a Banach space and (A(t))t∈[0,T ) closed operators on X. For an inhomogeneity
f : [0, T ) → X and an initial value u0 ∈ X we consider the non-autonomous Cauchy problem

{
u̇(t) + A(t)u(t) = f (t)

u(0) = u0.
(NACP)

For p ∈ (1, ∞) we say that (NACP) has maximal Lp-regularity for u0 ∈ X if for all f ∈
Lp([0, T ); X) there exists a unique solution in MRA

p ([0, T )), the space of all measurable 
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functions u : [0, T ) → X with u̇ ∈ Lp([0, T ); X), u(t) ∈ D(A(t)) for almost all t ∈ [0, T ) and 
A(·)u(·) ∈ Lp([0, T ); X). Of particular interest for applications is the case where A(t) are ellip-
tic operators with boundary conditions. Maximal regularity can then be used in various ways to 
show existence of solutions for quasilinear equations and to study the asymptotic behaviour of 
their solutions [33].

In the autonomous case A(t) = A maximal regularity is well understood. A closed operator 
A : D(A) → X has maximal Lp-regularity for u0 ∈ X if and only if A is R-sectorial and u0 lies 
in the real interpolation space Trp A := (D(A), X)1/p,p . The notation Trp A is justified by the 
fact that in the autonomous case one has MRA

p ([0, T ]) ↪→ C([0, T ]; Trp A) and, further, that for 
every x ∈ Trp A one can find u ∈ MRA

p ([0, T ]) with u(0) = x [3, Theorem III.4.10.2], i.e. the 
interpolation space is identical with the trace space.

The simplest situation occurs when the operators A(t) are associated with a non-autonomous 
form on some Hilbert space. For that, we consider a Hilbert space V densely embedded into a sec-
ond Hilbert space H . This induces the Gelfand triple V ↪→ H ↪→ V ′. Further, a non-autonomous 
bounded coercive sesquilinear form a : [0, T ] ×V ×V →C is given, i.e. a(t, ·, ·) is sesquilinear 
for all t ∈ [0, T ] and satisfies for some α, M > 0 and all u, v ∈ V

|a(t, u, v)| ≤ M ‖u‖V ‖v‖V ,

Rea(t, u,u) ≥ α ‖u‖2
V .

(A)

For fixed t ∈ [0, T ] the sesquilinear form a(t, ·, ·) induces a bounded operator A(t) : V → V ′, 
which is also an unbounded operator on V ′. We denote its part in H by A(t). By a classical result 
of Lions [15, p. 513, Theorem 2], the problem (NACP) for A satisfies maximal L2-regularity if 
t 	→ a(t, u, v) is measurable for all u, v ∈ V . However, maximal L2-regularity for the operator 
A(t) on H is far more involved. For some time there was the hope that maximal L2-regularity 
for A holds for all u0 ∈ Tr2 A(0) and measurable non-autonomous forms. Requiring additionally 
the symmetry of a, i.e. a(t, u, v) = a(t, v, u) for all t ∈ [0, T ] and u, v ∈ V , this problem was 
explicitly asked by Lions for u0 = 0 [28, p. 68]. Dier observed that maximal L2-regularity can 
fail due to a single jump of the form, see [12, Section 5.2] and [1, Example 5.1]. He used the 
failure of the Kato square root property for the construction of his counterexamples. Later, the 
author gave Hölder continuous and symmetric counterexamples to Lions’ original question [18].

In the positive direction Dier showed maximal L2-regularity for symmetric forms of bounded 
variation [13]. Note that this result allows jumps and therefore does not hold for general forms. 
However, apart from self-adjoint operators every elliptic operator in divergence form has the Kato 
square root property by the celebrated result [7]. In view of applications it is therefore interesting 
to ask for maximal regularity of non-symmetric elliptic operators.

Assuming BV-coefficients, in one of our main results we show that maximal L2-regularity 
indeed holds for non-symmetric elliptic operators and also for systems of elliptic operators under 
a broad range of domains and boundary conditions including mixed ones. Our methods are not 
restricted to the case p = 2. Remarkably, we establish maximal Lp-regularity for p ∈ (1, 2) for 
arbitrary forms of bounded variation independently of the Kato square root property. In Section 7
we construct a non-autonomous elliptic operator of bounded variation that does not have maximal 
Lp-regularity for any p > 2. Hence, the aforementioned results are optimal and only the critical 
case p = 2 requires the Kato square root property.
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