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Abstract

In this paper, a Stokes equations in the half space Rn+, n ≥ 2 has been considered. We derive a rapid 
decay rate of the Stokes flow in space and time when the initial data decreases fast enough and satisfies 
some additional condition. Initial data decreasing too slowly to be |x|h ∈ L1(Rn+) are also considered.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Let Rn+ = {x ∈ R
n | xn > 0}, n ≥ 2. In this paper, we consider the Stokes problem in the half 

space

vt − �v + ∇π = 0,divv = 0, in R
n+ × (0,∞),

v|t=0 = h, v|xn=0 = 0,
(1.1)
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where v = (v1, · · · , vn) and π are unknown velocity and the pressure, respectively, h =
(h1, · · · , hn) is the given initial value of the velocity. The initial data h satisfies the natural con-
sistency condition that

divh = 0 in R
n+, hn|xn=0 = 0. (1.2)

Let A = −P� denote the Stokes operator in Rn+, where P : Lr(Rn+) → Lr
σ (Rn+), 1 < r < ∞ is 

the projection operator onto the solenoidal vector fields. Define e−tA be the semi-group operator 
generated by the Stokes operator A in the half space, then the solution of (1.1) can be expressed 
as v = e−tAh.

The solution representation of the Stokes flow in the whole space is the same as the one of the 
heat flow with the same initial data. Hence, we have

‖∇ke−tAh‖Lq(Rn) ≤ ct
− k

2 − n
2 + n

2q ‖h‖L1(Rn) (1.3)

with k = 0, 1, · · · , and 1 ≤ q ≤ ∞. For the initial data h decreasing fast enough at infinity, 
divh = 0 in Rn implies 

∫
Rn h(y)dy = 0. This leads to rapid decay rate of the Stokes flow as 

follows:

‖∇ke−tAh‖Lq(Rn) ≤ ct
− k+1

2 − n
2 + n

2q ‖|x|h‖L1(Rn) (1.4)

with k = 0, 1, · · · , and 1 ≤ q ≤ ∞. From (1.4) we observe that in L∞ framework, the Stokes 
flow corresponding to initial data h with |x|h ∈ L1(Rn) is dominated by t− n+1

2 (from (1.3) we 
have similar observation). To be |x|h ∈ L1(Rn), h should decrease sufficiently fast at infinity. 
For example, if h decrease as slowly as |x|−n−1 at infinity, then |x|h /∈ L1(Rn). In [37], exam-
ples of h decreasing as slowly as |x|−n−1 at infinity, but admitting Stokes flow dominated by 
(1 + |x| + √

t)−n−1 are given. In [10], Brandolese derived a more rapid decay of Stokes flow 
and Navier–Stokes flow in space and time for the initial data h satisfying the following special 
conditions:

(a) hj is odd in xj and is even in each of the other variables,
(b) h is cyclically symmetric in the sense that

h1(x1, · · · , xn) = h2(xn, x1, · · · , xn−1) = · · · = hn(x2, · · · , xn, x1).

See also [1,11,12,14,26,38,40] and references therein.
Concerning the Stokes flow and Navier–Stokes flow in the half space, temporal decay prop-

erties have been well studied. In [9], Borchers and Miyakawa showed that

‖∇ke−tAh‖Lq(Rn+) ≤ ct
− k

2 − n
2r

+ n
2q ‖h‖Lr(Rn+), k = 0,1, · · · ,

with 1 ≤ r < q ≤ ∞ or 1 < r ≤ q < ∞. In [20], Giga, Matsui and Shimizu proved that 
‖∇e−tAh‖L1(Rn+) ≤ ct− 1

2 ‖h‖L1(Rn+), and in [41], Shimizu proved that ‖∇e−tAh‖L∞(Rn+) ≤
ct− 1

2 ‖h‖L∞(Rn+). In [18], Fujigaki and Miyakawa derived a rapid decay estimate in time such 
that
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