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Abstract

This paper establishes the global well-posedness of the nonlinear Fokker–Planck equation for a noisy 
version of the Hegselmann–Krause model. The equation captures the mean-field behavior of a classic multi-
agent system for opinion dynamics. We prove the global existence, uniqueness, nonnegativity and regularity 
of the weak solution. We also exhibit a global stability condition, which delineates a forbidden region for 
consensus formation. This is the first nonlinear stability result derived for the Hegselmann–Krause model.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Network-based dynamical systems feature agents that communicate via a dynamic graph 
while acting on the information they receive. These systems have received increasing attention 
lately because of their versatile use in modeling social and biological systems [1–7]. Typically, 
they consist of a fixed number N of agents, each one located at xk(t) on the real line. The agents’ 
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positions evolve as interactions take place along the edges of a dynamical graph that evolves 
endogenously. The motivation behind the model is to get a better understanding of the dynamics 
of collective behavior. Following [8,9], we express the system as a set of N coupled stochastic 
differential equations:

dxi = − 1

N

N∑
j=1

aij (xi − xj )dt + σdW
(i)
t , (1)

where σ is the magnitude of the noise, W(i)
t are independent Wiener processes, and the “in-

fluence” parameter aij is a function of the distance between agents i and j ; in other words, 
aij = a(|xi − xj |), where a is nonnegative (to create attractive forces) and compactly supported 
over a fixed interval (to keep the range of the forces finite). Intuitively, the model mediates the 
competing tension between two opposing forces: the sum in (1) pulls the agents toward one an-
other while the diffusion term keeps them jiggling in a Brownian motion; the two terms push the 
system into ordered and disordered states respectively. In the mean field limit, N → +∞, Equa-
tion (1) induces a nonlinear Fokker–Planck equation for the agent density profile ρ(x, t) [8]:

ρt (x, t) =
(

ρ(x, t)

∫
ρ(x − y, t)ya(|y|)dy

)
x

+ σ 2

2
ρxx(x, t). (2)

The function ρ(x, t) is the limit density of ρN(x, t) := 1
N

∑
δxj (t)(dx), as N goes to infinity, 

where δx(dx) denotes the Dirac measure with point mass at x. The Fokker–Planck equation is 
a basic model in many areas of physics and it is a deterministic one describing how probability 
density functions evolve in time. A number of mathematical results, including well-posedness 
theory and the convergence to steady state as time t → ∞, has been obtained for linear and 
nonlinear variants of the Fokker–Planck equation (see [10–17] and references therein).

This paper is concerned with the nonlinear, nonlocal Fokker–Planck equation (2) governing 
the density evolution of the noisy Hegselmann–Krause (HK) model. In the classic Hegselmann–
Krause model, one of the most popular systems in consensus dynamics [18–20], each one of the 
N agents moves, at each time step, to the mass center of all the others within a fixed distance. 
The position of an agent represents its “opinion”. If we add noise to this process, we obtain the 
discrete-time version of (1) for a(y) = 1[0,R] (y), where 1A is the usual set indicator function, 
equal to 1 if y ∈ A and 0 otherwise. To be exact, the original HK model does not scale aij by 
1/N but by the reciprocal of the number agents within distance R of agent i. Canuto et al. [21]
have argued that this difference has a minor impact on the dynamics. By preserving the pairwise 
symmetry among the agents, however, the formulation (1) simplifies the analysis.

The HK model has been the subject of extensive investigation. A sample of the literature 
includes work on convergence and consensus properties [1,22,18,23–27], conjectures about the 
spatial features of the attractor set [28], and various extensions such as HK systems with iner-
tia [29], leaders [30–32], or random jumps [33].

Some mathematical models for opinion formation have been proposed under different as-
sumptions. A class of kinetic models of opinion formation and its asymptotic limit Fokker–
Planck type equations are derived in [34], based on two-body interactions involving compromise 
and diffusion properties in exchanges between individuals. Later, based on [34], a mathematical 
model for opinion formation in a society that is built of two groups, one groups of “ordinary” 
people and one group of “strong opinion leaders”, and its corresponding Fokker–Planck type 
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