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Abstract

In this paper we study the semiclassical limit for the singularly perturbed Choquard equation

−ε2�u + V (x)u = εμ−3
(∫
R3

Q(y)G(u(y))

|x − y|μ dy
)
Q(x)g(u) in R

3,

where 0 < μ < 3, ε is a positive parameter, V, Q are two continuous real function on R3 and G is the 
primitive of g which is of critical growth due to the Hardy–Littlewood–Sobolev inequality. Under suitable 
assumptions on g, we first establish the existence of ground states for the critical Choquard equation with 
constant coefficients. Next we establish existence and multiplicity of semi-classical solutions and charac-
terize the concentration behavior by variational methods.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction and results

The stationary Choquard equation

−�u + V (x)u =
( ∫
RN

|u(y)|p
|x − y|μ dy

)
|u|p−2u, in R

N ,

where N ≥ 3, 0 < μ < N , arises in many interesting physical situations in quantum theory and 
plays an important role in the theory of Bose–Einstein condensation where it accounts for the 
finite-range many-body interactions. For N = 3, p = 2 and μ = 1, it was investigated by Pekar 
in [29] to study the quantum theory of a polaron at rest. In [19], Choquard applied it as ap-
proximation to Hartree–Fock theory of one-component plasma. This equation was also proposed 
by Penrose in [23] as a model of selfgravitating matter and is known in that context as the 
Schrödinger–Newton equation. For a complete and updated discussion upon the current litera-
ture of such problems, we refer the interested reader to the guide [28]. We also mention [14], 
where the fractional case is treated.

In the present paper we are interested in the existence, multiplicity and concentration behavior 
of the semi-classical solutions of the singularly perturbed nonlocal elliptic equation

−ε2�u + V (x)u = εμ−3
(∫
R3

Q(y)G(u(y))

|x − y|μ dy
)
Q(x)g(u), in R

3, (1.1)

where 0 < μ < 3, ε is a positive parameter, V , Q are real continuous functions on R3. As ε
goes to zero in (1.1), the existence and asymptotic behavior of the solutions of the singularly 
perturbed equation (1.1) is known as the semi-classical problem. It was used to describe the 
transition between of Quantum Mechanics and classical Mechanics. For the local Schrödinger 
equation

−ε2�u + V (x)u = g(u) in R
N ,
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