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Abstract

The initial boundary value problem for the compressible barotropic Navier–Stokes equations is inves-
tigated in the case that the initial density has a jump discontinuity across an interior closed curve in 
two-dimensional bounded domain. If the initial data is a small perturbation of the constant state and the 
interior closed curve is near a circle inside the domain, the global existence and large time behavior of the 
piecewise strong solution is shown, in particular, the jump of the fluid density across the convecting curve 
decays exponentially in time.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

In this paper, we consider the compressible isentropic Navier–Stokes equations in bounded 
domain BR0 ⊂R

2:

∂tρ + div(ρu) = 0 in BR0, (1.1)

∂t (ρu) + div(ρu ⊗ u) − divT = 0 in BR0 (1.2)

with the following boundary condition and the initial data

u = 0 on ∂BR0 , (1.3)

(ρ,u)|t=0 = (ρ0, u0) in BR0 , (1.4)

where T = −p(ρ)I + μD(u) + (ν − μ)divuI , D(u)ij = ∂iuj + ∂jui , and μ and ν are two 
positive constants. We consider the case that the initial density ρ0 is piecewise smooth with a 
jump discontinuity across some interior closed curve �0 in BR0 , which can be described as

�0 :=
{
R0(θ)

(
cos θ

sin θ

) ∣∣∣ θ ∈ [0,2π) and |R0|L∞([0,2π)) < R0

}
.

As the time evolutes, the convecting curve �(t) is described as

�(t) :=
{
x ∈R

2
∣∣∣x = R(t, θ)

(
cos θ

sin θ

)
, θ ∈ [0,2π)

}
,

and across the curve �(t) the solution (ρ, u, R) satisfies the Rankine–Hugoniot condition

u+ = u− on �(t), (1.5)

(T+ − T−)
−→
n = 0 on �(t), (1.6)

∂tR + ∂θR

R
u ·
(− sin θ

cos θ

)
= u ·

(
cos θ

sin θ

)
on �(t), (1.7)

R|t=0 = R0,

where −→n denotes the unit outward normal vector of domain �−(t)

−→
n = 1√

R2 + |∂θR|2
[
R

(
cos θ

sin θ

)
− ∂θR

(− sin θ

cos θ

)]
,

and �+(t) := BR0 \ �−(t) (referring to Fig. 1). By the continuity equation (1.1) and the kine-
matic condition (1.7), the total mass M± is conserved respectively in domain �±(t), i.e.

∫
�±(t)

ρ±(x, t)dx =
∫

�±(0)

ρ0,±(x)dx := M±. (1.8)
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