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Abstract

In this paper, we mainly investigate the weak solutions of the three-dimensional incompressible Euler
equations with helical symmetry in the whole space when the helical swirl vanishes. Specifically, we es-
tablish the global existence of weak solutions when the initial vorticity lies in L' N LP with p > 1. Our
result extends the previous work [2], where the initial vorticity is compactly supported and belongs to L”
with p > 4/3. The key ingredient in this paper involves the explicit analysis of Biot—Savart law with helical
symmetry in domain R? x [—x, 7] via the theories of singular integral operators and second order elliptic
equations.
© 2017 Elsevier Inc. All rights reserved.

MSC: 35Q35; 65M70

Keywords: Incompressible Euler equations; Weak solutions; Helical symmetry; Biot—Savart law

* Jiu is partially supported by NSFC (No. 11671273 and No. 11231006). Li is partially supported by NSFC
(No. 11371189), the Priority Academic Program Development of Jiangsu Higher Education Institutions. Niu is partially
supported by NSFC (No. 11471220), the Beijing NSF grant (No. 1142004) and Beijing Municipal Commission of
Education grant (No. KM201610028001).

* Corresponding author.

E-mail addresses: jiuqs@cnu.edu.cn (Q. Jiu), lijun@nju.edu.cn (J. Li), djniu@cnu.edu.cn (D. Niu).

http://dx.doi.org/10.1016/j.jde.2017.01.019
0022-0396/© 2017 Elsevier Inc. All rights reserved.


http://www.sciencedirect.com
http://dx.doi.org/10.1016/j.jde.2017.01.019
http://www.elsevier.com/locate/jde
mailto:jiuqs@cnu.edu.cn
mailto:lijun@nju.edu.cn
mailto:djniu@cnu.edu.cn
http://dx.doi.org/10.1016/j.jde.2017.01.019
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2017.01.019&domain=pdf

5180 Q. Jiu et al. / J. Differential Equations 262 (2017) 5179-5205

1. Introduction

The three-dimensional unsteady incompressible Euler equations read as

du+u-Vu+Vp=0,
divu =0,

(1.1)

for (t,x) e Rt x R3, where the unknowns u = (u1,u2,u3) and p = p(¢, x) represent the velocity
fields and the pressure of the fluid, respectively. The corresponding vorticity, @ = curlu satisfies
the equation

0w+ (u-V)o=(w-V)u. (1.2)

As is well known, the global existence of weak solutions to the three-dimensional Euler equa-
tions remains an open problem due to the strong nonlinearity of the vortex stretching term
(w-V)u in (1.2) in contrast to the global well-posedness of the two-dimensional equations
when the vortex stretching term vanishes. In fact, there are a number of literatures about global
well-posedness results of the two-dimensional incompressible Euler equations when the initial
vorticity wg lies in various function spaces (see [22] and references therein). Specifically, when
wo € L' N L™, Yudovich [26] proved the global existence and uniqueness of weak solutions.
Later, the result was improved by Vishik [24] and Yudovich [27] with @g in a class slightly
larger than L™, If wq lies in L' N L? with p > 1, the global existence result was proved by
Diperna—Majda [6]. When g is a finite Radon measure with one sign, the global existence re-
sult was studied by Delort [5], Majda [21], Evans—Miiller [9] and Liu—Xin [18] via different
approaches.

However, when it comes to the three-dimensional case, local well-posedness of classical solu-
tions as studied in [22]. Some global well-posedness results were established when considering
periodic domains or the solution with some symmetric property. When the domains are periodic,
recently, based on the method introduced in [16,17], Szekelyhidi [23] and Wiedemann [25] con-
structed the global admissible and L? weak solutions respectively. If the flow is axisymmetric
and the swirl component of velocity fields vanishes, the global well-posedness results similar
to two-dimensional case were extensively studied (see [3,4,13—15,22] and references therein).
If the swirl component appears, the global well-posedness issue is still open except [11] for
Navier—Stokes equations with a class of large data.

Another attractive issue for global well-posedness issue in three-dimensional flow is helically
symmetric case, which means that the flow is invariant under a superposition of a rotation around
a fixed axis and a simultaneous translation along the rotation axis directions respectively (see
Section 2 for more details). Under this situation, when the helical swirl vanishes (see (2.12)
below) and x’ lies in bounded domains, the global well-posedness results for smooth/strong so-
lutions corresponding to the initial regular velocity filed/bounded vorticity had been established
respectively by Dutrifoy [7] and Ettinger—Titi [8]. For the whole space case, when the third com-
ponent wyg of initial vorticity is compactly supported and belongs to L? with p > %, the global
weak solutions were obtained by Bronzi—Lopes—Lopes in [2]. In addition, to our best knowledge,
there is no any global well-posedness result when the helical swirl exists in three-dimensional
case. Along this line, the vanishing viscosity limit for the three-dimensional helically symmetric
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