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Abstract

In this paper, we present a result of implicit function theorem type, which was designed for applications 
to singularly perturbed problems. This result is based on fixed point iterations for contractive mappings, 
in particular, no monotonicity or sign preservation properties are needed. Then we apply our abstract re-
sult to time-periodic boundary layer solutions (which are allowed to be non-monotone with respect to the 
space variable) in semilinear parabolic problems with two independent singular perturbation parameters. 
We prove existence and local uniqueness of those solutions, and estimate their distance to certain approxi-
mate solutions.
© 2017 Elsevier Inc. All rights reserved.
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1. Introduction

Upper and lower solution techniques and corresponding monotone iterations are classical 
methods to prove existence of time-periodic solutions to nonlinear parabolic boundary value 
problems (see, e.g. [2,11,12,20,22]). In the context of singularly perturbed problems, this ap-
proach has allowed to obtain existence and asymptotic expansions of solutions with monotonous 
boundary [16] and interior [1,4,5,8,17] layers. However, it turned out to be unsuitable for solu-
tions with more complicated boundary layer structure or interior spikes.

In this paper, we present an alternative approach to singularly perturbed periodic-parabolic 
boundary value problems which is based on fixed point iterations for contractive mappings, i.e. 
which is an approach of implicit function theorem type. We apply this approach to time-periodic 
boundary layer solutions (which are allowed to be non-monotone with respect to the space vari-
able) in problems with two independent singular perturbation parameters. More precisely, we 
consider semilinear parabolic PDEs of the type

μ∂tu(t, x) = ν2∂2
xu(t, x) + f (t, x,u(t, x),μ, ν), (t, x) ∈ R× (0,1) (1.1)

with homogeneous Dirichlet boundary conditions

u(t,0) = u(t,1) = 0, t ∈ R (1.2)

and periodicity condition in time

u(t + 1, x) = u(t, x), (t, x) ∈ R× [0,1]. (1.3)

Here μ, ν > 0 are two independent small singular perturbation parameters. The right-hand side 
f : R × [0, 1] ×R × [0, 1]2 → R is supposed to be C3-smooth and 1-periodic with respect to its 
first argument, i.e. with respect to the time variable t . Moreover, we assume that there exists a 
continuous 1-periodic function u0 : R × [0, 1] → R such that

f (t, x,u0(t, x),0,0) = 0, ∂uf (t, x,u0(t, x),0,0) < 0, (t, x) ∈ R× [0,1]. (1.4)

Our goal is to describe existence, local uniqueness and asymptotic behavior for μ, ν → 0 of 
families (parametrized by μ and ν) ûμ,ν of boundary layer solutions to (1.1)–(1.3), i.e. such that

lim
(μ,ν)→(0,0)

ûμ,ν(t, x) = u0(t, x) for all (t, x) ∈ R× (0,1). (1.5)

Such solutions turn out to exist under the following natural assumption (see Theorem 1.1 and 
Remark 1.3 below): There exist smooth maps v0, w0 : R × [0, ∞) → R such that

∂2
yv0(t, y) + f (t,0, u0(t,0) + v0(t, y),0,0) = 0, (t, y) ∈ R× (0,∞),

v0(t,0) + u0(t,0) = v0(t,∞) = 0, t ∈ R,

v0(t + 1, y) = v0(t, y), (t, y) ∈ R× [0,∞)

⎫⎪⎪⎬
⎪⎪⎭ (1.6)

and
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