Available online at www.sciencedirect.com

Journal of

CrossMark SClenceD|reCt Differential
Ll Equations
ELSEVIER J. Differential Equations 262 (2017) 4175-4231 —_—

www.elsevier.com/locate/jde

Scattering for the radial 3D cubic focusing
inhomogeneous nonlinear Schrédinger equation

Luiz Gustavo Farah *, Carlos M. Guzman

ICEx, Universidade Federal de Minas Gerais, Av. Antonio Carlos, 6627, Caixa Postal 702, 30161-970,
Belo Horizonte, MG, Brazil

Received 27 October 2016; revised 5 January 2017
Available online 26 January 2017

Abstract

The purpose of this work is to study the 3D focusing inhomogeneous nonlinear Schrédinger equation

iur + Au+ x| "uPu =0,

where 0 < b < 1/2. Let Q be the ground state solution of —Q + AQ + Ix|721012Q =0 and 5. = (1 +

b)/2. We show that if the radial initial data uq belongs to H 1(]1%3) and satisfies E (ug)Sc M (uo)l_sf <
E(Q)**M(Q)! =% and ||V140||SLC2 ||u0||1L;XC < ||VQ||XL”2 II Qllles”, then the corresponding solution is global
and scatters in H! (R3). Our proof is based in the ideas introduced by Kenig—Merle [1] in their study of the
energy-critical NLS and Holmer—Roudenko [2] for the radial 3D cubic NLS.
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1. Introduction

In this paper, we consider the Cauchy problem, also called the initial value problem (IVP), for
the focusing inhomogeneous nonlinear Schrédinger (INLS) equation on R3, that is

{iB,u+Au+|x|_b|u|2u:O, teR, x eR3, (L1
u(0, x) = ugp(x), )
where u = u(t, x) is a complex-valued function in space-time R x R? and 0 < b < 1/2.

Before reviewing some results about the Cauchy problem (1.1), let us recall the critical
Sobolev index. For a fixed § > 0, the rescaled function us(¢, x) = 822;bu(82t, dx) is solution
of (1.1) if and only if u(¢, x) is a solution. This scaling property gives rise to a scale-invariant
norm. Indeed, computing the homogeneous Sobolev norm of us(0, x), we get

3,2
lus (0, M gjs = 82177 Nluoll -

Thus, the scale invariant Sobolev space is H* (R?), where s, = # (the critical Sobolev index).
Note that, the restriction 0 < b < 1/2 implies 0 < s, < 1 and therefore we are in the mass-
supercritical and energy-subcritical case. In addition, we recall that the INLS equation has the
following conserved quantities

M[uo]=M[u(t)]=/Iu(t,X)Izdx (1.2)
R3

and

[ (1.3)

L
L)C

1 1
Eluo] = Elu(0)] = 3 f Vuute, ) Pdx - |
R3
which are Mass and Energy, respectively.
Next, we briefly review recent developments on the well-posedness theory for the general

INLS equation

{iB,u+Au+|x|_b|u|“u=0, x RN, (1.4)

u(0,x) =ug(x).

Genoud and Stuart [3.,4], using the abstract theory developed by Cazenave [5] and some sharp
Gagliardo—Nirenberg inequalities, showed that (1.4) is well-posed in H!(RY)

locally if 0 < o < 2%,
globally for small initial condition if 4522 < o < 22,
globally for any initial condition if 0 < o < %,

globally if & = 4522, assuming [|uol| ;> < [ Ol ;2.
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