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Abstract

We show how to apply harmonic spaces potential theory in the study of the Dirichlet problem for a general 
class of evolution hypoelliptic partial differential equations of second order. We construct Perron–Wiener 
solution and we provide a sufficient condition for the regularity of the boundary points. Our criterion extends 
and generalizes the classical parabolic-cone criterion for the Heat equation due to Effros and Kazdan.
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1. Introduction

The aim of this paper is to prove the existence of a generalized solution in the sense of Perron–
Wiener to the Dirichlet problem and to provide a sufficient condition for the regularity of the 
boundary points for a wide class of evolution equations.

More precisely, we consider second order partial differential operators of the following type
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L =
N∑

i,j=1

aij (z)∂xixj
+

N∑
i=1

bi(z)∂xi
− ∂t , (1)

in a strip

S = {z = (x, t) ∈R
N+1 | x ∈R

N, T1 < t < T2},

with −∞ ≤ T1 < T2 ≤ +∞.
The coefficients aij = aji and bi are smooth and the characteristic form of the operator is 

nonnegative definite and non-totally degenerate, i.e.,

N∑
i,j=1

aij (z)ξiξj ≥ 0, ∀z ∈ S, ∀ξ = (ξ1, . . . , ξN ) ∈ R
N,

and

N∑
i=1

aii(z) > 0 ∀z ∈ S.

Finally, we assume the hypoellipticity of L − β and of L∗, for every constant β ≥ 0, and the 
existence of a well-behaved fundamental solution � for L,

(z, ζ ) �−→ �(z, ζ ),

satisfying the following properties:

(i) �(·, ζ ) belongs to L1
loc(S) and L(�(·, ζ )) = −δζ , where δζ denotes the Dirac measure 

at {ζ }, for every ζ ∈ S.
(ii) For every ϕ ∈ C∞

0 (RN) and for every (x0, τ) ∈ S,

∫
RN

�(x, t, ξ, τ )ϕ(ξ) dξ → ϕ(x0), as (x, t) → (x0, τ ), t > τ.

(iii) � ∈ C∞
(
{(z, ζ ) ∈ R

N+1 ×R
N+1 | z 
= ζ }

)
.

(iv) � ≥ 0 and �(x, t, ξ, τ) > 0 if and only if t > τ . Moreover, for every fixed z ∈ S, 
lim supζ→z �(z, ζ ) = ∞.

(v) �(z, ζ ) → 0 for ζ → ∞ uniformly for z ∈ K , compact set of S, and, analogously, 
�(z, ζ ) → 0 for z → ∞ uniformly for ζ ∈ K , compact set of S.

(vi) ∃ C > 0 such that for any z = (x, t) ∈ S we have

∫
RN

�(z; ξ, τ ) dξ ≤ C if t > τ.
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