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Abstract

We consider a class of elliptic equations of the type
—div (a(x, u, Vu)) =f—divg

with Dirichlet boundary conditions and with f belonging to LY. Using the framework of renormalized
solutions we prove the uniqueness of a solution when the usual Lipschitz condition on the function a is
relaxed.
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1. Introduction

Let us consider the following class of nonlinear elliptic problems

—div (a(x,u,Vu)) =f—divg ing,

1.1
u=20 on 02, (4.1

where Q is a bounded open subset of RY, p > 1, f € L1(Q), g € (LP(Q))" and where the
function a(x, s, &) defines a (generalized) Leray—Lions operator u > — div(a(x, u, Vu)).

It is well known that considering f € L'(2) requires a convenient framework of solution.
Indeed a solution in the sense of distribution may exist (see [3]), but it is not unique in general
(see the counter example in [18]). Here we use the notion of renormalized solution developed by
DiPerna—Lions in [11,12] for first order equations and adapted to elliptic equations for L' data
in [16] and for Radon measure data in [9].

As far as the uniqueness question is concerned and when the right-hand side f —div g belongs
to W~1:P(Q) the uniqueness of the weak solution is proved for example in [6,8,4] when 1 <
p <2 and when a(x, s, &) is a Lipschitz continuous function with respect to s. Indeed it is well
known that the uniqueness of the weak solution to —div(a(x, u, Vu) + ¢(u)) = f may fail in
general when p > 2 (see the counter example in [6,4]). However under additional conditions on
the operator a, without the presence of ¢ () and under a sign condition on the data f — div g the
case p > 2 is addressed in [7].

When the right-hand side belongs to L' the concept of renormalized solutions allowed to es-
tablish uniqueness results for quasi-linear elliptic problem in [2] (see also [17] in the framework
of entropy solutions) and for operators with a(x, s, £) = a(x, $)|EP72E for 1 < p<2in[14].In
all this papers the uniqueness of the solution is obtained under a fairly general but global condi-
tion on a. This condition relies on a global differential inequality and allows highly oscillating
or/and increasing coefficient a(x, s) with respect to s. Moreover for this specific operators the
uniqueness results in [2,17,14] are more general that the ones in the variational case. In [10] a
generalization to anisotropic operators is proposed. The authors consider the following equation

N
- Zaxi (a,'(x, u)laxl.u|P"728xiu) =f—divg

i=1

with f € L'(Q), 1 < pi < oo (there exists p;; < 2), g; € L”z{(Q) and where a;(x,s) are
Carathéodory functions such that a;(x,s) > A > 0 a.e. on 2 x R and verify a very local Lip-
schitz condition with respect to s for every 1 <i < N. Even if the results established in [2,17,14]
are very general the main improvement in [10] is the very local condition.

In the present paper we prove the uniqueness of the renormalized solution to (1.1) under
some structural conditions on the operator and a very local Lipschitz condition on a with respect
to s, when 1 < p <2. We also deal with the case p > 2 under an additional sign condition on
the data. Here we relax this global Lipschitz continuity with a local one. We use mainly the
techniques developed in [2,14,10]. The main novelty of the present paper with respect to the
mentioned references is that we obtain the uniqueness of the renormalized solution to (1.1) when
the function a depends also on Vu and when a(x, s, ) is very local Lipschitz continuous with
respect to s. Indeed to our knowledge in the above mentioned references the main uniqueness
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