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Abstract

We prove the existence and the multiplicity of positive solutions of the one-dimensional capillarity-type 
problem

−
(

u′/
√

1 + (u′)2
)′

= a(x)f (u), u′(0) = 0, u′(1) = 0,

where a ∈ L1(0, 1) changes sign and f : [0, +∞) → [0, +∞) is continuous and has a power-like behavior 
at the origin and at infinity. Our approach is variational and relies on a regularization procedure that yields 
bounded variation solutions which are of class W2,1

loc , and hence satisfy the equation pointwise almost ev-
erywhere, on each open interval where the weight function a has a constant sign.
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1. Introduction and statements

In this paper we are interested in the existence of positive solutions of the quasilinear Neu-
mann problem

⎧⎪⎨
⎪⎩

−
(

u′√
1 + (u′)2

)′
= a(x)f (u) in (0,1),

u′(0) = 0, u′(1) = 0,

(1.1)

where a ∈ L1(0, 1) changes sign and f : [0, +∞) → [0, +∞) is a continuous function having 
superlinear, or sublinear, growth at 0 and at +∞.

Problem (1.1) is a particular, one-dimensional, version of the elliptic problem

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

−div

(
∇u√

1 + |∇u|2

)
= g(x,u) in �,

− ∇u · ν√
1 + |∇u|2 = σ on ∂�,

(1.2)

where � is a bounded regular domain in RN , with outward pointing normal ν, and g : � ×R →R

and σ : ∂� → R are given functions. This problem plays a relevant role in the mathematical 
analysis of a number of physical or geometrical issues, such as capillarity phenomena for incom-
pressible fluids, reaction–diffusion processes where the flux features saturation at high regimes, 
or prescribed mean curvature problems for cartesian surfaces in the Euclidean space. Significant 
references include [41,58,10,22,31,28,34,32,30,36,39,33,40,16].

Although there is a large amount of literature devoted to the existence of positive solutions 
for semilinear elliptic problems with superlinear indefinite nonlinearities, starting with [7,1,2,9,
8,3], no result is available for the problem (1.2), even in the one-dimensional case (1.1), in spite 
of the interest that this topic may have both mathematically and from the point of view of the 
applications.

As it will become clear later, according to Proposition 1.1 below, the existence of a positive 
solution for the homogeneous Neumann problem (1.1) forces the right hand side of the equation 
to change sign, thus ruling out the possibility, if f is non-negative, that the sign of the weight 
function a be constant. Hence, the absence of any previous result in the existing literature might 
be attributable to the fact that superlinear indefinite weighted problems are fraught with a num-
ber of technical difficulties which do not arise in dealing with purely sublinear or superlinear 
problems, even in the most classical semilinear case, not to talk about the degenerate quasilinear 
problem dealt with in this paper. In addition, as an effect of the spatial heterogeneities incor-
porated into the formulation of the problem the complexity of the structure of the solution sets 
might be quite intricate, even in the semilinear case [35,48,47,46,13,14]. This is an extremely 
challenging problem in the context of (1.1), which will be addressed elsewhere (see, e.g., [45]).
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