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Abstract

We solve the stationary Stokes and Navier–Stokes equations for non-Newtonian incompressible fluids 
with shear dependent viscosity in domains with outlets containing unbounded cross sections, in the case of 
shear thickening viscosity. The flux assumes arbitrary given values and the growth of the cross sections are 
analyzed under different convergence hypotheses, inclusive the growth of Dirichlet’s integral of the velocity 
field is deeply related the convergence hypotheses of such sections. We extend the results of the section 4 of 
[12, Ladyzhenskaya and Solonnikov] (for Newtonian fluids) to non-Newtonian fluids using the techniques 
found in [3, Dias and Santos].
© 2016 Elsevier Inc. All rights reserved.
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1. Introduction

The steady flow of the viscous incompressible fluid in many cases is modeled by the system

div
{|D(v)|p−2 D(v)

} = δ(v · ∇v) + ∇P
∇ · v = 0 ,

(1.1)
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where v is the velocity field and P is the pression function of the fluid, D(v) is the symmet-

ric gradient with components Dij (v) = 1
2

(
∂vi

∂xj
+ ∂vj

∂xi

)
for v = (v1, . . . , vn), i, j ∈ {1, . . . , n},

v · ∇v =∑n
i=1 vi

∂
∂xi

v is the convective term. If p > 2 the fluid is called shear thickening; and if 
1 ≤ p < 2, shear thinning (the flow is pseudo-plastic if 1 < p < 2 and purely plastic if p = 1); 
the case p = 2 corresponds to the Newtonian behavior. If δ = 1, (1.1) is called Navier–Stokes 
power-law; if δ = 0, Stokes power-law. More information about the development of the equa-
tion (1.1) can be found in many papers on non-Newtonian fluids, for example Ladyzhenskaya 
[10,11], Marusic-Paloka [14,15], Ruzicka [18] and Frehse, Málek and Steinhauer in [6,7]. The 
study of this type of flow in bounded domains can be found in Lions [13], Ruzicka [18] and 
Frehse, Málek and Steinhauer in [6,7]. On unbounded domains there are few references, we cite 
Marusic-Paloka [14,15] and Dias and Santos [3].

We consider a domain � in Rn, n = 2, 3, with a C∞ boundary, of the following type

� =
m⋃

i=0

�i ,

where �0 is a bounded subset of Rn, while, in possibly different cartesian coordinate systems,

�i = {x ≡ (x′, xn

) ; |x′| < gi(xn), xn > 0
}
, i = 1, . . . ,m ,

where the functions gi(t) are C∞ and satisfy the conditions

gi(t) ≥ g0 > 0
|gi(t1) − gi(t2)| ≤ Mi |t1 − t2| , (1.2)

for all t1, t2, t > 0.
We denote for �i(xn) the cross sections of �i perpendicular to the axis-xn and passing 

through the point (0, xn); � denote a cross section any of �, in other terms, any bounded in-
tersection of � with a (n − 1)-dimensional plane, that in �i reduces to �i ; finally, we denote by 
n an orthonormal vector to � pointing in the infinite direction of the outlets. It follows immedi-
ately from (1.2) that

|g′
i (t)| ≤ M , ∀ t > 0

gi(t) ≤ 2Mt , ∀t ≥ t0 ≡ M−1gi(0).
(1.3)

For p greater than 2 and i = 1, . . . , m, by setting

Ii(∞) =
∞∫

0

gλ
i (t) dt,

where
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