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Abstract

In this work, we deal with several different notions of attractors that may appear in the impulsive non-
autonomous framework and we explore their relationships to obtain properties regarding the different 
scenarios of asymptotic dynamics, such as the cocycle attractor, the uniform attractor and the global at-
tractor for the impulsive skew-product semiflow. Lastly, we illustrate our theory by exhibiting an example 
of a non-classical non-autonomous parabolic equation with subcritical nonlinearity and impulses.
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1. Introduction

What are the differences that appear when we change from an autonomous equation to an 
non-autonomous one? Does the asymptotic behavior of the solutions become different?

This change may be very underrated and our first answer may be negative. We might be-
lieve that there are not many changes in the behavior of the solutions of autonomous and 
non-autonomous equations. As one may see in [10,11], this is not the case. In fact, there are 
infinitely many differences between these two cases. To illustrate this difference, let us consider 
a general differential equation of the form

{
u̇ = f (t, u), t > s,

u(s) = u0 ∈ X,
(1.1)

where X is a Banach space and f : R × D → X is a map, where D is an open subset of X, 
for which there exists a unique solution [s, +∞) � t �→ u(t, s, f, u0) ∈ X of (1.1) defined for all 
t � s, for each u0 ∈ X and s ∈ R.

Thanks to the uniqueness of solution, one can see that when f is time independent, that is, 
f (t, x) = f (x) for all t ∈ R, we have u(t, s, f, u0) = u(t − s, 0, f, u0) and the asymptotic behav-
ior of solutions can be studied when t → +∞ (that is, considering the evolution of the solution 
as the final time evolves) or making s → −∞ (which is equivalent to consider the behavior of 
the solution as we take earlier and earlier initial times). In this case, these two scenarios coincide 
and give us the same description.

However, if f is time dependent then these two situations give rise to completely different 
behaviors. We may study the asymptotic behavior with respect to the elapsed time t − s or with 
respect to s (when s → −∞ and t is arbitrary but fixed). These are called, respectively, forward
and pullback dynamics and are, in general, unrelated. It is natural that they are unrelated, for 
instance, the set of vector fields driving the solution may be completely different. We have one 
vector field f (t, ·) for each time t ∈ R.

There is no reason for this to be different in the impulsive case. We know now, after the 
previous discussion in [4], that the behavior of impulsive solutions in the non-autonomous case 
is much richer (and harder to analyze) than in the autonomous case. Hence, bearing this in mind, 
we may wonder about the relationships among the several different scenarios that appear in the 
non-autonomous impulsive case.

Note that the theory described in [10,11,14,15] has, so far, no analogous when it comes to the 
impulsive framework. Therefore, this paper shall be devoted to relate the several different kinds 
of attractors that come to play when dealing with non-autonomous impulsive dynamical systems.

Moreover, the results presented in this paper are totally different from the results which deal 
with random dynamical systems, where the impulses occur in time. Indeed, the results of this 
paper concern with impulses at variable times that depend on the phase space (impulses “occur” 
in space). Impulses that vary in time are more attractive due to their complexity and applicability 
in real world problems, see for instance [5–7]. As an example, we may cite the billiard-type 
system which can be modeled by differential systems with impulses acting on the first derivatives 
of the solutions. Indeed, the positions of the colliding balls do not change at the moments of 
impact (impulse), but their velocities gain finite increments (the velocity will change according 
to the position of the ball). The reader may consult [28] for the study of pullback attractors of 
non-autonomous random dynamical systems.

In the following we describe the organization of the paper and the main results.
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