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1. Introduction

To state our main problem we need some notation and terminology about Wiener class functions.
Throughout W™*™ denotes the space of n X m matrix functions with entries in the Wiener algebra on
the unit circle. Thus a matrix function ¢ belongs to W"*™ if and only if ¢ is continuous on the unit circle
and its Fourier coefficients ...¢_1,©g, 1, ... are absolutely summable. We set

nxm nXm .
Wi ={peWw lp; =0, forj=-1,-2,...},
nxm nXm .
wrm ={peWw l; =0, forj=1,2,...},
nxm nXm .
Wi ={peWw | ¢; =0, forj+#0},
nxm nXm .
to ={pew |¢; =0, forj=0,-1,-2,...},
nxm nxXm :
W ={peW l¢;j =0, forj=0,1,2,...}.
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Given ¢ € W™*™ the function ¢* is defined by ¢*(¢) = ¢({)* for each ¢ € T. Thus the j-th Fourier
coefficient of ¢* is given by (¢*); = (p—;)*. The map ¢ +— ¢* defines an involution which transforms
WX into WM™ W into W W into W ET, etc.

The data of the inverse problem we shall be dealing with consist of four functions, namely
a e WP Be WEXI e WIXP 5 e WX, (1.1)
and we are interested in finding g € W7 such that

a+gy—e, e W and gra+vye WL (1.2)
549 8—e,e WL and g6+ 8 e W (1.3)

Here e, and e, denote the functions identically equal to the identity matrices I, and I, respectively. If g
has these properties, we refer to g as a solution to the twofold EG inverse problem associated with the data
set {a, fB,7,d}. If a solution exists, then we know from Theorem 1.2 in [10] that necessarily the following
identities hold:

Oé*Oé - ’Y*FY = o, 5*6 - ﬁ*ﬁ = dOa Oé*ﬁ - 7*5 (14)

Here ag and dg are the zero-th Fourier coefficient of « and 0, respectively, and we identify the matrices with
ap and dy with the matrix functions on T that are identically equal to ay and dy, respectively. Our main
problem is to find additional conditions that guarantee the existence of a solution and to obtain explicit
formulas for a solution.

The EG inverse problem related to (1.2) only and using « and « only has been treated in [11]. Here we
deal with the inverse problem (1.2) and (1.3) together, and for that reason we refer to the problem as a
twofold EG inverse problem. The acronym EG stands for R. Ellis and I. Gohberg, the authors of [1], where
the inverse problem is solved for the scalar case, see [1, Section 4].

Given a data set {a,,7,d} and assuming both matrices ay and dy are invertible, our main theorem
(Theorem 4.1) gives necessary and sufficient conditions in order that the twofold EG inverse problem
associated with the given data set has a solution. Furthermore, we show that the solution is unique and we
give an explicit formula for the solution in terms of the given data. The results obtained can be seen as an
addition to Chapter 11 in the Ellis and Gohberg book [2]. For some more insight in the role of the matrices
ag and dp in (1.4) we refer to Appendix A.

To understand better the origin of the problem and to prove our main results we shall restate the twofold
EG inverse problem as an operator problem. This requires some further notation and terminology. For any
positive integer n we denote by ¢3 (C™) and ¢2(C") the Hilbert spaces

Lo

2@ ={ [m] I lnl <o} @) - g |i|xj||2<oo}. (1.5)

j=0
Zo

We shall also need the corresponding ¢!-spaces which appear when the superscripts 2 in (1.5) are replaced
by 1. Since an absolutely summable sequence is square summable, £1(C") C ¢4 (C"). In the sequel the one
column matrices of the type appearing in (1.5) will be denoted by

[zo 21 22 -] " and [--+ @_2 x_1 0], respectively,

with the T-superscript indicating the block transpose. We will also use this notation when the entries are
matrices. Finally, let & and k be the linear maps defined by
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