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REPRESENTATION FORMULA AND BI-LIPSCHITZ
CONTINUITY OF SOLUTIONS TO INHOMOGENEOUS

BIHARMONIC DIRICHLET PROBLEMS IN THE UNIT DISK

PEIJIN LI AND SAMINATHAN PONNUSAMY

Abstract. The aim of this paper is twofold. First, we establish the represen-
tation formula and the uniqueness of the solutions to a class of inhomogeneous
biharmonic Dirichlet problems, and then prove the bi-Lipschitz continuity of the
solutions.

1. Introduction and statement of the main results

Let C denote the complex plane. For a ∈ C, let D(a, r) = {z : |z− a| < r}, where
r > 0, and Dr = D(0, r). In particular, let D = D1 and T = ∂D, the boundary of
D. For domains D and Ω be domains in C, a function p : D → Ω is said to be
L1-Lipschitz (resp. L2-co-Lipschitz) if for all z, w ∈ D,

|p(z)− p(w)| ≤ L1|z − w| (resp. |p(z)− p(w)| ≥ L2|z − w|)
for some positive constants L1 and L2. We say that p is bi-Lipschitz if it is both
Lipschitz and co-Lipschitz.
The main aim of this paper is to discuss the representation formula, the unique-

ness and the bi-Lipschitz continuity of the solutions to the following inhomogeneous
biharmonic Dirichlet problem (briefly, IBDP in the following):

(1.1)

⎧⎪⎨
⎪⎩
Δ2Φ = g in D,

Φ = f on T,

∂nΦ = h on T,

where Δ denotes the Laplacian given by
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∂x2
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∂2

∂y2

)
,

∂n denotes the differentiation in the inward normal direction and the boundary data
f and h ∈ D′(T), the space of distributions in T.

Note that a solution to the biharmonic equation Δ2Φ = 0 is called a biharmonic
function. See Almansi [6], Venkua [30] and [1, 2, 3, 13, 14] for properties of bihar-
monic functions.
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