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ON THE ANALYTIC SMOOTHING EFFECT FOR THE HARTREE
EQUATION WITH A SHORT RANGE INTERACTION POTENTIAL

HIRONOBU SASAKI*
DEPARTMENT OF MATHEMATICS AND INFORMATICS, CHIBA UNIVERSITY, 263-8522,
JAPAN.

ABSTRACT. We consider the Cauchy problem for the Hartree equation in space dimen-
sion d > 2. We assume that the interaction potential V' (z) is short range. More precisely,
we consider the case where V belongs to the weak L% space with 1 < ¢ < d. We prove
that if 2 < o < d (resp. 1 < o < 2), the initial data ¢ is small in the sense of the homoge-
neous Sobolev space Feo/2-1 (resp. the homogeneous weighted Sobolev space F -7/ 2
and the Fourier transform F¢ satisfies a real-analytic condition, then the correspond-
ing solution u(t) is also real-analytic for any ¢ # 0. We remark that no H°/2~1 (resp.
FH/ 2) smallness condition is imposed on first and higher order partial derivatives of
F¢ when 2 <o < d (resp. 1 <o < 2).

1. INTRODUCTION

We consider the Cauchy problem for the nonlinear Schrodinger equation of the form

iug + Au = F(u),
{ u(0, ) = ¢(x). (1.1)

Here, u is a complex-valued unknown function of (t,z) € RxR?, d > 2, i = /=1, A is the
Laplacian in R?, F(u) denotes the Hartree term (V x |u|?)u and * is the convolution in R<.
Throughout this paper, we assume that the interaction potential V' is a complex-valued
given function on R? and belongs to the weak L% space with 1 < o < d. In other words,
we assume that 1 < o < d and

o/d
supA,u({x e R% |V (x)] > /\}> < 00, (1.2)
A>0

where y is the Lebesgue measure on R?. There is a large literature on the Cauchy problem
for nonlinear Schrodinger equations (see, e.g., [2,19,35] and references therein). In this
paper, we consider the analytic smoothing effect of time-global solutions to (1.1).

Before considering the analytic smoothing effect, we first state the existence and asymp-
totics of time-global solutions to (1.1). For this purpose, we list some notation. For
1 < r < oo, we denote the Lebesgue space L"(R?) and its norm by L" and ||-||,, respec-
tively. We set wy = v/—A. For 1 <7 < oo and 0 < s < d/r, we define the homogeneous
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