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point in Q7 is an open set with full measure, and we obtain a general criterion for
a weak solution to be regular in the neighborhood of a given point. In this paper
we confined ourselves to considered the case p = 2 and space dimension d = 2.
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1. Introduction

Let Q C R4, d > 2, be a bounded domain with Lipschitz boundary and let 0 < T' < oo, Q7 := Qx (—T,0).

This paper deals with partial regularity of non-Newtonian fluids

Ou —div S(Du) +u-Vu+Dp=0 in Qr,
divu=20 in Q.

The initial condition is given by
ult=0 = up in Q
and the Dirichlet boundary condition is given by

ulpax (—1,0) = 0.
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Here u : Qr — R? is the velocity, ¢ : Q7 — R is the pressure, S(Du) : R¥*? — R4*4 i the extra
stress tensor. In present paper, we considered the stress tensor, which provided by D. Pierre and H. Norbert
in [40)].

For the general non-Newtonian fluids, there is an amounts of work on the power-law model

S(eu)) = vo(p + e(w)?) = e(w) + pue(u), (1.4)

with v9 > 1,un > 0, p > 1, ¢(u) denotes the symmetric part of the velocity gradient Du, namely
e(u) = $(Du + (Du)T). Ladyzhenskaya was one of the first mathematician who considered the modi-
fied Navier—Stokes equations and present the mathematical investigation of such model (1.1)—(1.3), (1.4) in
1966, the existence of weak solution to (1.1)—(1.3), (1.4) for p > % had first appeared in [28-30] which
is unique for p > %2 (see also [31]). The existence of measure-valued solutions for p > dQT(-iz was shown
in [32,37], for p > dsz_iQ’ the existence of weak solution have been studied in [5,14,33-35]. In [54], J. Wolf

constructed a weak solution u € L?(0,T;V,(Q)) N Cy(0,T; L*(Q)) to (1.1)~(1.3), (1.4) for the power with

p > 23—1%. In 2014, Bae and Jin [4] study the local in time existence of a weak solution for dg—é <p<2
when d = 2,3 and the global in time existence of a weak solution for p > 1?1, when d = 3. In 2016, Tan

and Zhou [50] provided a result about fractional differentiability of the gradient of weak solution Du for
p=2,d =2, that is, Du & I/V[Zf;Q(QT), for all 6 € (0, %),a € (0, %) In [51], the author study the higher

integrability of weak solution to (1.1)—(1.3), that is

w € LPYE(ty, to; WHPTE(Q)),

loc

with [t1,t2] C (0,T) and € € (O,min{% -, %}} for p > %. For some other excellent work, one
can also refer [20,22,24-26,38,39,43,47,56] and the references therein.

For the variable exponent non-Newtonian fluids of (1.1) (electrorheological fluids), according to the model
proposed by Rajagopal and Ruzicka [41], the system can be looked as the delicate interaction between the

electromagnetic fields and the moving fluids:

divE=0 culE=0 in Qr,

up — div S(z,e(u), E) +div (u®u) + D = f in Qr, (15)
divu =0 in Qr, '
u=20 on 09,

where E(z) is the electromagnetic field, f : Q7 — R? is the extra force, u,¢ are defined as (1.1).
S(z,e(u), E) : R*d — R4*4 g the extra stress tensor depends in a nonlinear way by &(u):

p(E|?)—2
2

S(z, E,e(u)) =~ p(l+ |e(u)]?) e(u) + terms with similar growth,
with p(-) : Qr — [1,00) is a given Holder (log-Holder) continuous function. These are special fluids
characterized by their ability to change in a dramatic way their mechanical properties when in presence
of an external electromagnetic field. E. Acerbi et al. in [2] provided the regularity results for parabolic
systems related to (1.5): higher integrability, higher differentiability, partial regularity of the spatial gradient,
estimates for the (parabolic) Hausdorff dimension of the singular set. For more details, one can also refer
[1,3,15-17,42,45,46] and the reference therein.

For the stationary case of (1.1), based on the power-law model (1.4), then there exists a weak solution,
this result has been proved independently by Frehse, Malek and Steinhauer [21] (p > -2%) and M. Rizicka

= d+1
[44] (p > dz—fl). In 2007, J. Naumann and J. Wolf [36] (see also [55]) studied the interior differentiability

of weak solutions, for p € [%,2),(}! = 2,3. They first proved D(u) € Wltoz(Q) with ¢ € [0, W],
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