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1. Introduction

If —d/2 < t, and f is in the Schwartz class, S(RY), we define the fractional laplacian (—A)! as the
distribution defined by

(=8)'(f)(@) = FH(2nla)* F(f)(@)),

where F denotes the Fourier transform.
If 0 < t < d/2, then (—A)~! can be described in terms of the Riesz integral operator, that is, (—=A)~t =
I, where

I (f) () —Cd2t/| |d 5 4y, feSRY,

for some positive constant cq o;.
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We recall that, for 0 < t < 1, there is an equivalent definition of the fractional Laplacian in terms of
singular integrals:

(—A) f(z) := CayPV. / I W T =Wy, jesmd), (1.1)

where Cy; is a positive constant and P.V. means principal value.
The fractional homogeneous Sobolev space H*(R%), |s| < d/2, is the completion of the space of compactly
supported C> functions on R%, D(R?), with respect to the norm

1 ey 2= 1(=2)*2(f)]| 2 ma)-

One of the reasons to restrict ourselves to the case where 0 < 2s < d is Sobolev inequality that proves
that in this case, H*(R%) C LY(R%), where ¢ = 2d/(d — 2s). So H*(R?) can be identified as the space of all
the functions on L9(R?) such that || f]| g (gay < oo.

It is well known that if 0 < 2s < d, then H*(RY) = I,(L*(R%)).

These spaces satisfy S(R?) ¢ H*(R?) ¢ S'(R%) and, by Plancherel’s formula, we also have that the dual
of H*(R%) is H—*(R%) with the natural L?(R%)-pairing.

Some classical references for the fractional laplacian (—A)f, are the books of [6,14] (see also the book of
[8] and the references therein). The characterization of the fractional laplacian in terms of singular integrals
can be found, for instance, in [5,15].

The main goal of this paper is the study of the boundedness of the bilinear form on H* (R?) with symbol
b e H*(R?) defined by

Ap(fr9) = /(—A)S/Q(fg)(w)(—A)s/Q(b)(l‘)d% f.9 € D(RY).

Rd

This boundedness, via Plancherel’s formula is equivalent to

/ (f9)(@) (=AY ) (@) | < |1l 7o e 1] o -

d

Observe then that the boundedness of the bilinear form A, is equivalent to the fact that (—A)*(b)
is a pointwise multiplier from H $(R?) to its dual H ~3(R%). We denote this space of multipliers by
Mult(H*(R%) — H—*(R%)).

For s = 1, in [11], Maz’ya and Verbitsky proved that ¢ € Mult(H'(R%) — H~'(R%)) if and only if
(=A)"12¢ € Mult(H*(R?) — L*(R%)). Thus, they reduced the characterization of the inequality

/ w(@yo(@)p(@)dz| < l[ull g o 1ol g

d

where ¢ may change sign, to the inequality

[ @PI-28) 2 p(a) P £ [ V()P

where |(—A)~Y2p(z)|?dz is now a non-negative measure. These estimates are of big interest in different
aspects of the theory of the Schrédinger operator (—A + V) in R9. In [12], the same authors proved the
non-homogeneous case and an analogous result for s = 1/2.
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