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{ Au+u"v™ <0,

on a complete connected non-compact Riemannian manifold, where 7,7 > 0,
m,n > 0 are given parameters satisfying 7 +m = n+n = ¢ > 1. We prove that,
for some reference point xg if

1

w(B(xo,r)) < C’r%(lnr)m7 (2)

holds for all large enough 7. Then (1) admits only trivial solution. Here B(zo,7) is
a geodesic ball. We also show the sharpness of the volume growth condition (2).
© 2017 Published by Elsevier Inc.

1. Introduction

In this paper, we mainly investigate the nonexistence of non-negative solution to the system of differential
inequalities

Au+u"v™ <0, (1.1)

Av +vMu™ <0, '
on a geodesically complete connected non-compact Riemannian manifold (M,d, u). Here d(z,y) is the
geodesic distance, and p is the Riemannian measure, 7,7 > 0,m,n > 0 are given parameters satisfying
T+m=mn+n=o0c>1. A is the Laplace-Beltrami operator on manifold.
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The goal of the paper is to provide a simple geometric condition on M ensuring that there exists no
nontrivial solution to (1.1).

The study of the nonexistence of the solution always attracted considerable mathematical interests. For
the scalar case in RV, namely

Au+u’ <0. (1.2)

It is well known that (1.2) admits only trivial solution u = 0 if and only if 0 < % for N > 3. A number of

the generalizations to a more general equation and differential inequalities have been obtained. Recall the
famous Lane-Emden system in RV

(1.3)

Au+v71 =0,
Av +u2 = 0.

Here 01,09 > 0. Recall the famous Lane-Emden conjecture: if

1 " 1 -1 2
o1 +1 oo+ 1 N’

then system (1.3) admits no positive classical solutions. In [4], by applying the powerful Alexandrov-Serrin
moving plane method and blow-up arguments, Figueiredo and Felmer proved that

(i) The system (1.3) admits no positive solution provided that if

N+2 N+2 N+2
N-z R E G )

0<op,02 <

(ii) If o1 = 09 = ££2, the solution (u,v) to (1.3) is radially symmetric with respect to some point of RY.
However there is still little known about the Lane-Emden conjecture. The conjecture is affirmed only in
the low dimension case: when N = 3, the conjecture was proved by Serrin and Zou [21] under the case of
polynomially bounded solutions, and then the assumption was completely removed by Polacik, Quittner
and Souplet [19]. When N = 4, this was established by Souplet in [22]. But for general dimensions, so
far the conjecture is still unsolved. In [15], Mitidieri and Pohozaev proved (1.3) has no positive classical
supersolutions in R with N > 3. They gave a critical sharp condition concerning the nonexistence of the
solution, namely, if

2 1) 2 1
max { —L (o2 + ), o2(01 1) > N, (1.4)
o109 — 1 o109 — 1

then there exists only trivial nonnegative supersolution (u,v) to (1.3). The sharpness of the above condition
can be showed by a very simple example: if (1.4) fails, then (1.3) admits a positive supersolution by choosing
small enough e

oo+l

o1+1
U(.T) = 6(1 =+ |1"2) 1_}’1”2 , ’U({,E) — 6(]. + |{II|2) T—0103 .

They developed a well used tool named test function techniques (or nonlinear capacity approach). Their
approach can be systematically applicable to many types of differential inequalities especially in Euclidean
space, such as quasilinear elliptic and even parabolic differential inequalities. Let us recommend a series of
papers [1,2,10,14,16-18] for a more comprehensive description.
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