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We consider a linear scalar delay differential equation (DDE), consisting of two 
arbitrary distributed time delays. We formulate necessary conditions for stability 
of the trivial solution which are independent of the distributions. For the case of 
one discrete and one gamma distributed delay, we give an explicit description of the 
region of stability of the trivial solution and discuss how this depends on the model 
parameters.
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1. Introduction

Distributed time delays arise in models for a variety of applications including population dynamics [12,
14,18,20], blood cell dynamics [8,32], neuronal models [17,29], and coupled oscillators [5,6]. Although many 
of these models include only a single time delay, this often results from some simplification in the model 
set up. As an example, it is common to assume that all of the time delays are identical [17] or to neglect 
relatively smaller time delays [18]. The stability of equilibria in models with two discrete time delays has 
been studied extensively [7,15,24,33]. It has been shown that the presence of two time delays can lead to 
phenomena such as stability switching and the existence of codimension two bifurcation points [7,33]. In this 
article, we investigate such phenomena in a model with two distributed time delays. We focus our attention 
on the following scalar delay differential equation (DDE) with a linear decay:

ẋ(t) = −kx(t) + α

∞∫
0

x(t− τ)fα(τ) dτ + β

∞∫
0

x(t− τ)fβ(τ) dτ , (1)
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where k, α, β are real numbers, fα(T ) and fβ(T ) are arbitrary distributions, satisfying

∞∫
0

fα(s)ds = 1 =
∞∫
0

fβ(s)ds .

We note that (1) is a delay differential equation with infinite delay. Thus, the appropriate phase space 
is C0,ρ((−∞, 0], R), where ρ is a positive constant [13,16,19]. This is the Banach space of functions ψ :
(−∞, 0] → R such that e ρ θψ(θ) is continuous, and

lim
θ→∞

e ρ θψ(θ) = 0,

with norm ‖ψ‖∞,ρ = supθ≤0 e
ρ θψ(θ). In this space, we need the following additional conditions on the 

distributions:

∞∫
0

e ρ sfα(s) ds < ∞,

∞∫
0

e ρ sfβ(s) ds < ∞.

Since equation (1) is linear, it has a unique solution for any initial function φ ∈ C0,ρ((−∞, 0], R) [13,16,19].
Stability with general distributions has been studied by some authors, but generally only with a single 

delay [4,8,27,30,31]. In particular, we note the work of Anderson [1,2] which studies stability properties of 
a linear, scalar differential equation with a single distributed time delay, in terms of the moments of the 
distribution.

Stability in the presence of multiple distributed delays has been studied in some models, generally by fixing 
the distributions to some specific form [3,25,26,21,28]. An exception is the work of Faria and Oliveira [14]
which studies the global stability of equilibria in a class of Lotka–Volterra models with multiple distributed 
delays having finite maximum delay. They give conditions on the interaction coefficients of the system which 
guarantee asymptotic stability for any distribution.

Various specific time delay kernels have been used in the literature. The two most commonly used ones 
are the weak and the strong kernels (gamma distributions), given by f(s) = re−rs and f(s) = r2se−rs, with 
r > 0, respectively. It is well-known (see [23] and [22], for instance) that the average time delays associated 
with the weak and the strong delay kernels are given by T = 1

r and T = 2
r , respectively. Equation (1) would 

occur in the linearisation about an equilibrium point for the models of [7,15] and [33,26] if the discrete 
delays were replaced by distributed delays.

Making the change of variables x̃ = x, t̃ = kt, and defining new parameters by α̃ = α
k , β̃ = β

k , T = kτ , 
and new distributions

gα(T ) = 1
k
fα

(
T

k

)
, gβ(T ) = 1

k
fβ

(
T

k

)
,

we rescale (1) to get

ẋ(t) = −x(t) + α

∞∫
0

x(t− T )gα(T ) dT + β

∞∫
0

x(t− T )gβ(T ) dT , (2)

where, for notational tractability, we have dropped the tildes.
In this paper, we will investigate the stability of the trivial solution of (2) by direct analysis of the 

associated characteristic equation. The paper is organised as follows. In Section 2, we formulate some 
necessary distribution-independent conditions for stability of the trivial solution. In Section 3, we describe 
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