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In this paper we extend the results of Brandolese and Schonbek [2] to the Boussinesq 
system with fractional dissipation. Let Λα and Λβ represent the fractional Laplacian 
dissipation in the velocity and the temperature equations, respectively. We show 
that if the initial data (u0, θ0) ∈ L2

σ × (L1 ∩ L2), then ‖θ(t)‖ ≤ C(1 + t)−
d
2β , 

and ‖u(t)‖ ≤ C(1 + t)max{0,1− d
2β } if β �= d

2 , ‖u(t)‖ ≤ Cln(2 + t) if β = d
2 ; if 

we additionally assume 
∫
θ0 = 0 and θ0 ∈ L1

1, then ‖θ(t)‖ ≤ C(1 + t)−
d+2
2β and 

‖u(t)‖ → 0 as t → ∞. Comparing [2], we don’t need to assume that ‖θ0‖1 is 
sufficiently small when β ∈ (0, d+1

2 ).
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

In this paper we consider the following incompressible Boussinesq system with fractional dissipation⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
∂tu + u · ∇u + νΛαu = −∇p + θed, x ∈ R

d, t > 0,
∂tθ + u · ∇θ + κΛβθ = 0, x ∈ R

d, t > 0,
∇ · u = 0, x ∈ R

d, t > 0,
u(x, 0) = u0(x), θ(x, 0) = θ0(x), x ∈ R

d,

(1.1)

where u = u(x, t) denotes the velocity, p = p(x, t) the pressure, θ = θ(x, t) the temperature, ν > 0, κ > 0, 
α ∈ (0, 2] and β ∈ (0, 2] are real parameters, and ed = (0, ..., 0, 1), d ≥ 2. Λ = (−Δ) 1

2 is the Zygmund 
operator and Λα can be defined through the Fourier transform,

Λ̂αf(ξ) = |ξ|αf̂(ξ),

where
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f̂(ξ) = 1
(2π)d

∫
Rd

f(x)e−ix·ξdx.

By recalling the unknowns, without loss of generality, we take ν = κ = 1.

Definition 1.1. (u, θ) is called a weak solution of (1.1) if u ∈ L∞
loc(0, ∞; L2

σ(Rd)) ∩ L2
loc(0, ∞; H α

2 (Rd)) and 
θ ∈ L∞

loc(0, ∞; L2(Rd)) ∩ L2
loc(0, ∞; H β

2 (Rd)) satisfy

−
∞∫
0

∫
Rd

u · ∂tφdxdt +
∞∫
0

∫
Rd

Λα
2 u · Λα

2 φdxdt +
∞∫
0

∫
Rd

u · ∇u · φdxdt

=
∞∫
0

∫
Rd

u0 · φ(0)dx +
∞∫
0

∫
Rd

θed · φdxdt for all φ ∈ C∞
0 ([0,∞);C∞

0,σ(Rd)),

and

−
∞∫
0

∫
Rd

θ · ∂tψdxdt +
∞∫
0

∫
Rd

Λ
β
2 θ · Λ β

2 ψdxdt +
∞∫
0

∫
Rd

u · ∇θ · φdxdt

=
∞∫
0

∫
Rd

θ0 · φ(0)dx for all ψ ∈ C∞
0 ([0,∞);C∞

0 (Rd)),

where (u0, θ0) ∈ L2
σ(Rd) × L2(Rd).

When α = 2, β = 2, the system (1.1) becomes the standard Boussinesq equations with Laplacian 
dissipation. The standard Boussinesq equation is widely used to model the dynamics of the ocean or the 
atmosphere, see e.g. [13]. It arises from the density dependent incompressible Navier–Stokes equations by 
using the so-called Boussinesq approximation, which consists in neglecting the density dependence in all 
the terms but the one involving the gravity. The standard Boussinesq system had lately received significant 
attention in mathematical fluid dynamics due to its connection to incompressible Navier–Stokes equations. 
The global existence of weak solutions, or strong solutions in the cases of small data had been studied 
by several authors, see, e.g., [1,4,7,8,10,14]. The Boussinesq system with fractional dissipation also had 
been considered by many mathematicians, see [11,18] and the references therein. They obtained the global 
regularity for (1.1) with α and β in some intervals.

Another interesting question is the large time behavior of the incompressible flows. Many interesting and 
important results on the decay properties had been achieved for Navier–Stokes flows, see e.g. [12,15–17]. 
In [9], Guo and Yuan considered the decay of the weak solutions to the standard Boussinesq system. They 
claimed that if (u0, θ0) ∈ (L1 ∩ L2

σ) × (L1 ∩ L2), then

‖θ(t)‖ ≤ C(1 + t)− 5
4

and

‖u(t)‖ → 0, as t → ∞.

Recently, by using Fourier transform and a straightforward adaptation of Caffarelli, Kohn and Nirenberg’s
method in [3], Brandolese and Schonbek [2] considered the decay properties of weak and strong solutions 
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