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' not map Sobolev spaces to themselves. The study begins with the behavior of Ty on
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L? and WP for 1 < p < co. This cases are well understood but alternative proofs
of some known results are provided. Using interpolation techniques it is seen that

éiifg{g:d;aces compactly supported Bessel potential functions in H*P are sent to H*®9 whenever
Fractional smoothness 0 < s < 1 for appropriate values of ¢q. The techniques used lead to sharp results and
Quasiconformal mappings they can be applied to Besov spaces as well.

Composition operator © 2017 Elsevier Inc. All rights reserved.

1. Introduction

Given a quasiconformal homeomorphism ¢ : Q — ' between domains in R™, we consider the composition
operator T, which maps every measurable function f : 2 — R to f o ¢. It is well known that ¢ lies in
a certain Sobolev space Wlicp with p > n, that is, the space of locally p-integrable functions with locally
p-integrable derivatives, and in some Holder class C*® with 0 < s < 1, i.e. for any K C  compact ¢ is
bounded and continuous in K with |¢(z) — ¢(y)| < Ck|z —y|® for z,y € K. The composition operator Ty is
a self-map of W™, However, since ¢ may not be bi-Lipschitz, the composition operator does not necessarily
map other Sobolev spaces to themselves.

A characterization of homeomorphisms which give rise to bounded composition operators is given in [17]
and [12].

Over the last decade, the study on the stability of the planar Calderén inverse conductivity problem raised
questions on the range of Tjs. The ground-breaking work of Astala and Péivérinta [3] showing uniqueness of
the solution to the problem was adapted by Barceld, Faraco and Ruiz in [4] to provide stability in Lipschitz
domains with only Hélder a priori conditions on the conductivities. Some years later, Clop, Faraco and

* Corresponding author.
E-mail addresses: marcos.delaoliva@uam.es (M. Oliva), marti.prats@Quam.es (M. Prats).

http://dx.doi.org/10.1016/j.jmaa.2017.02.016
0022-247X/© 2017 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2017.02.016
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:marcos.delaoliva@uam.es
mailto:marti.prats@uam.es
http://dx.doi.org/10.1016/j.jmaa.2017.02.016
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2017.02.016&domain=pdf

M. Oliva, M. Prats / J. Math. Anal. Appl. 451 (2017) 1026-1044 1027

Ruiz weakened the a priori assumption on the conductivities to just a fractional Sobolev condition in [6],
allowing the method to be applied to non-continuous conductivities, and later on the regularity assumptions
on the boundary of the domain where severely reduced in [8]. A deeper knowledge of the behavior of the
composition operator may lead to better numerical methods for the electric impedance tomography (see [2],
for instance).

We study quasiconformal mappings ¢ whose Jacobian determinant J, satisfies the estimates

a %
/J¢(x)a de | < C,, and /J¢(m)_b de | <Gy (1.1)
U U

for values @ > 1 and b > 0, where U C R" is a certain domain (open and connected set). The existence of
these values for any domain U compactly contained in ) can be derived from quasiconformality itself, but we
may have better exponents for particular mappings, and this will imply better behavior of the composition
operator.

In [10, Theorems 1.1 and 1.2], it is shown that, under the first condition in (1.1) the composition op-
erator T}, sends compactly supported WP functions to W4 for certain couples n < g < p, that is, some
integrability of the function and its gradient is lost. The main result of the present paper shows that this
loss of integrability is common to all the Bessel potential spaces H*P with 0 < s <1 and 1 < p < oo and
Besov spaces BS . with 0 < s < 1,1 <p<ooand 0<r < oo (see Section 3 for the definitions). Note that

p,r
HOP = [P and HYP = WP,

Theorem 1.1. Letn >2,0<s<1 and 1 < p < co. Given a quasiconformal mapping ¢ : Q — Q' between
two domains in R™, a ball B with 2B C Q, a ball B" with ¢(2B) C B’ and positive real numbers a, b, C,

and Cy satisfying (1.1) for U = 2B, let q be defined by % = % + % ‘% — %
and ¢ =b if sp <n. If g > 1, then there exists a constant C' such that

, where we take c = a if sp >n

1Tl ey < CF ey (1.2)

and, if in addition s ¢ {0,1}, then

175 £

B;T,(B) < CHf”B;,T(B') (1~3)

for every locally integrable function f and every 0 < r < oo, with constants not depending on ¢. If s € {0,1}
and p = oo, then (1.2) holds as well.

Previous results ([6, Proposition 4.2] and [11, Theorem 1.2]) show that T} sends compactly supported
H*% N L>* functions (with 0 < s < 1) to H?? functions for certain 8 < s, that is, with a loss on the
smoothness parameter. More precisely, the statement of the latter theorem settles that question for mappings

between diagonal Besov spaces B; , — ng, and it establishes the supremum of the admissible values of 3
bs _ i
as S = -
P = ()

These results can be recovered from Theorem 1.1. Indeed, by [15, Theorem 2.2.5], for 0 < s < oo,
0<g<oo,0<rf<ococand 0< 0O <1,

[fllpee and (Iflpe: < Csgrolflps [If]L~-

Ifllpge < Cogrellfllp:,
CH ’ e'e
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