J. Math. Anal. Appl. 451 (2017) 229-258

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

www.elsevier.com/locate/jmaa

On local solvability of a class of abstract underdetermined @ Cosshark
systems

Luis Yamaoka

Universidade Federal de Sdo Paulo, Rua Angélica, 100, Jardim das Flores, 06110-295, Osasco,
Sao Paulo, Brazil

ARTICLE INFO ABSTRACT
Article history: In this work we present a necessary and sufficient condition for a class of abstract
Received 29 October 2016 underdetermined systems to be solvable. We develop J. F. Tréves’ ideas, presenting

Available online 13 February 2017

' > the so called condition (¢)) and its connection with the study of the solvability in
Submitted by C. Gutierrez

consideration. We also prove the existence of finite order regularity solutions.
© 2017 Elsevier Inc. All rights reserved.

Keywords:
Solvability
Regularity
Underdetermined system

1. Introduction

In this paper we study the local solvability in top degree of the differential complex defined by the
operators

L =0, — (0,0)(t, A, j=1,...,n,

where A is a linear operator, densely defined in a Hilbert space H. We shall assume that A is unbounded,
but it is self-adjoint, positive definite and it has a bounded inverse A~!; and where ¢(t, A) are power series
with respect to A~!, with coefficients in C>°(§2), for some open set  C R", that is,

o(t,A) = 3 dr(H) A,

k>0

These power series are assumed to be convergent in L(H, H), as well as each of their ¢t-derivatives, uniformly
with respect to t on compact subsets of €.
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Our analysis will focus on a neighborhood 2 of the origin. If 2 C R is an open interval containing the
origin, [8] shows us necessary and sufficient conditions for the local solvability and hypoellipticity of the
operator L =0, — ¢(t, A)A at t = 0.

This work concerns the following problem:

For each k € Z, such that N > "T'H“, N € Z., find open neighborhoods of 0, wy C €y, such that

Vf € Qn, H®), 3™ € Cf, ) (wy, H) such that Lo™) = f in wy, (1.1)

where

Lo™) = (Xn:Lju§N>)dt1A...Adtn.

Jj=1

We denote by C*() the space of analytic functions in §2 and assume ¢y € C¥(Q). In the text, Rpy and
S¢p denote the real part and the imaginary part of ¢q, respectively.
Let B be the ball {t € R™: |¢t| < R} CC Q.

Definition 1.1. We say that condition (¢1) holds on B if, for every real number a, the set
{t € B : R¢y < a} has no compact connected components.

Definition 1.2. We say that condition (¢/3) holds on B if, for every real number a, the set
{t € B : Ry > a} has no compact connected components.

Definition 1.3. We say that conditions (¢1) and (t2) hold at 0 if, for any open ball B centered at the origin,
there exists an open subset ' C B containing 0 such that both (1) and (¢2) hold on Q.

The main result states:
Theorem 1.4. Condition (1) at 0 is necessary and sufficient to solve (1.1).

The case where A is a linear operator, densely defined in H, unbounded and self-adjoint is also considered.
That is, we study the problem:

For each k € Z, such that N > "T'Hf, N € Z., find open neighborhoods of 0, wy C Qp, such that
Vf € CH(Qn, H®), 3N € Cf, ) (wy, H) such that Lov™) = f in wy, (1.2)

where

]LQ’U(N) = (ZLL()’U](-N))dtl VARAN dtn, Lj,O = atj - (8,5]8?%)(15)/1, ] = 1, cee,n.

j=1
The result proved is the following:

Theorem 1.5. Conditions (¢1) and (12) at 0 are necessary and sufficient to solve (1.2).

Remark. In problems (1.1) and (1.2) a category argument shows that wy can be assumed to depend only
on {1 and not on f.
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