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This paper is concerned with the initial boundary value problem for the compressible 
Navier–Stokes system with degenerate transport coefficients. We prove the global 
existence of large solutions for the outer pressure problem of a viscous, heat-
conducting, one-dimensional real gas. The proof is based on several detailed analysis 
and key a priori estimates on the bounds on the density and temperature.
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1. Introduction

The one-dimensional compressible Navier–Stokes system in the Lagrangian coordinates can be written 
as: ⎧⎪⎨⎪⎩

vt − ux = 0
ut − σx = 0
(e + u2

2 )t − (σu)x + qx = 0.
(1.1)

And the second law of thermodynamics is expressed by the Clausius–Duhem inequality

ηt +
(q
θ

)
x
≥ 0. (1.2)

✩ G. Wu’s research is supported in part by China Postdoctoral Science Foundation (No. 2015M581187). Q. Chen’s research 
is supported in part by National Natural Science Foundation of China–NSAF (Nos. 11226174, 11301439). Z. Tan’s research is 
supported in part by National Natural Science Foundation of China–NSAF (Nos. 11271305, 11531010).
* Corresponding author.

E-mail addresses: guochunwu@126.com (G. Wu), chenqing@xmut.edu.cn (Q. Chen), tan85@xmu.edu.cn (Z. Tan).

http://dx.doi.org/10.1016/j.jmaa.2016.12.002
0022-247X/© 2016 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jmaa.2016.12.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:guochunwu@126.com
mailto:chenqing@xmut.edu.cn
mailto:tan85@xmu.edu.cn
http://dx.doi.org/10.1016/j.jmaa.2016.12.002


JID:YJMAA AID:20941 /FLA Doctopic: Partial Differential Equations [m3L; v1.194; Prn:21/12/2016; 8:50] P.2 (1-19)
2 G. Wu et al. / J. Math. Anal. Appl. ••• (••••) •••–•••

Here v, u, σ, e, q, η and θ denote specific volume, velocity, stress, internal energy, heat flux, entropy and 
temperature respectively.

In the present paper, we consider the system (1.1) in the region {(x, t)|x ∈ I = [0, 1], t ≥ 0} with the 
initial condition:

(v(x, 0), u(x, 0), θ(x, 0)) = (v0(x), u0(x), θ0(x)) on I, (1.3)

and the boundary conditions: {
σ(0, t) = σ(1, t) = −Q(t) < 0
q(0, t) = q(1, t) = 0.

(1.4)

Here the outer pressure Q(t) ∈ C1([0, +∞)) is a given function.
We will consider a more realistic model than a real gas:

σ(v, θ, ux) = −p(v, θ) + μux

v
(1.5)

satisfying Fourier’s law of heat flux

q(v, θ, θx) = −κθx
v

, (1.6)

whose internal energy e and pressure p are coupled by the standard thermodynamical relation

ev(v, θ) = −p(v, θ) + θpθ(v, θ) (1.7)

to comply with (1.3).
There are many progresses on the investigation of the one-dimensional compressible Navier–Stokes equa-

tions, cf. [2–9,15,11,12,16]. For the ideal gas and the constant coefficients case, we refer to [8,9,11] for the 
global existence and the asymptotic behavior of smooth solutions. For the coefficients dependent on the den-
sity and temperature case, the existence of global solutions has been investigated by many recent researchers, 
cf. [3,4,7,8,15,12] and the references cited therein. These studies indicate that temperature dependence on
the viscosity μ is especially challenging but one can incorporate various forms of density dependence on
μ and also temperature dependence on the conductivity κ. For results in this direction, Dafermos [3] and 
Dafermos and Hsiao [4] considered certain classes of solid-like materials in which μ and/or κ depend on 
density and where κ may depend on temperature. However, the latter is assumed to be bounded as well 
as uniformly bounded away from zero. Kawohl [8], Luo [15] and Jiang [5–7] considered a gas model that 
incorporates real-gas effects that occur in high-temperature regimes. For example, some of the assumptions 
on e and κ in [5–8,15] are that there are positive constants ν, N(v), κ0 and κ1(v) with v > 0 such that for 
v ≥ v and θ ≥ 0, {

e(v, 0) ≥ 0, ν(1 + θr) ≤ eθ(v, θ) ≤ N(v)(1 + θr),
κ0(1 + θq) ≤ κ(v, θ) ≤ κ1(v)(1 + θq),

(1.8)

where r and q are some constants satisfying 0 ≤ r ≤ 1, q ≥ 2 + 2r in [8,15] and q ≥ 1 + r in [5–7].
It is pointed out that the state functions e, p, μ, and κ usually depend on both v and θ, and in particular, 

the internal energy e grows as θ1+r with r ≈ 0.5, the conductivity κ grows as θq with 4.5 ≤ q ≤ 5.5, and 
the viscosity μ increases like θp with 0.5 ≤ p ≤ 0.8; see [1,16]. To incorporate these effects in the model, 
the state functions should be allowed to have a certain growth behavior. For this purpose, we make the 
following assumptions.
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