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' such a way that the covering projections are locally isometric. Such triples are shown
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to converge, in a suitable sense, to a semifinite spectral triple on the direct limit of
the tower of coverings, which we call noncommutative solenoidal space. Some of the

é{;fxf:fli;iplcs self-coverings described here are given by the inclusion of the fixed point algebra in
Inductive limits a C*-algebra acted upon by a finite abelian group. In all the examples treated here,
Solenoidal spaces the noncommutative solenoidal spaces have the same metric dimension and volume
Self-coverings as on the base space, but are not quantum compact metric spaces, namely the

pseudo-metric induced by the spectral triple does not produce the weak* topology
on the state space.
© 2016 Elsevier Inc. All rights reserved.

Contents
0.  Introduction . .. . ... .. 1379
1. Noncommutative coverings w.r.t. a finite abelian group . . . . .. ... ... . L 1381
1.1.  Spectral decomposition . . . ... ... ... .. 1381
1.2.  Noncommutative coverings . ... ... ... ... ... 1382
1.3.  Representations . . . . ... .. . e 1384
1.4.  Finite regular COVEIINGS . . . . . . . o oot e 1384
2. Self-coverings of tOIl . . . . . . . L L 1386
2.1.  The C*-algebra and its spectral triple . . . . ... ... ... L 1386
2.2, The covering . . . . .. . . 1386
2.3.  Spectral triples on covering spaces of TP . . . . .. ... 1387
2.4.  The inductive limit spectral triple . .. .. ... . 1389
3. Self-coverings of rational rotation algebras . . . . . .. . . . L 1391
3.1.  Coverings of noncommutative tori . . . .. .. . .. 1391
3.2. The C*-algebra, a spectral triple and the self-covering . .. ... .. .. ... ... ... ... ... ... ... 1392

* Corresponding author.
E-mail addresses: valerianoaiello@gmail.com (V. Aiello), guido@mat.uniroma2.it (D. Guido), isola@mat.uniromaZ2.it
(T. Isola).

http://dx.doi.org/10.1016/j.jmaa.2016.11.066
0022-247X/© 2016 Elsevier Inc. All rights reserved.


http://dx.doi.org/10.1016/j.jmaa.2016.11.066
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jmaa
mailto:valerianoaiello@gmail.com
mailto:guido@mat.uniroma2.it
mailto:isola@mat.uniroma2.it
http://dx.doi.org/10.1016/j.jmaa.2016.11.066
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jmaa.2016.11.066&domain=pdf

V. Aiello et al. / J. Math. Anal. Appl. 448 (2017) 1378-1412 1379

3.3.  Spectral triples on noncommutative covering spaces of Ag . . .. ... L L 1394

3.4.  The inductive limit spectral triple . ... ... ... . . . 1396

4. Self-coverings of crossed products . . . . . ... 1397
4.1. The C*-algebra, its spectral triple and the self-covering . . . . . ... ... ... ... . . ... . . ... 1397

4.2.  Spectral triples on covering spaces of Z X, ZP . . .. ... 1400

4.3. The inductive limit spectral triple . . . .. . . . .. 1402

5. Self-coverings of UHF-algebras . . . . . . . . . 1403
5.1.  The C*-algebra, the spectral triple and an endomorphism . . ... ... ... ... ... . ... ... .. ..., 1403

5.2.  Spectral triples on covering spaces of UHF-algebras . ... ... ... .. ... ... . .. ... . . . ... . ... 1404

6. Inductive limits and the weak*-topology of their state spaces . . . ... ... ... . ... ... ... .. . ... 1405
Acknowledgments . . .. ... 1408
Appendix A.  Some results in noncommutative integration theory . ... ... ... .. ... .. . . .. 1409
References . . . . . . 1411

0. Introduction

Given a noncommutative self-covering consisting of a C*-algebra with a unital injective endomorphism
(A, «), we study the possibility of extending a spectral triple on A to a spectral triple on the inductive limit
C*-algebra, where, as in [19], the inductive family associated with the endomorphism « is

Ag 5 A1 -5 Ay 55 As . (0.1)

all the A,, being isomorphic to A. The algebra A, may be considered as the n-th covering of the algebra
A w.r.t. the endomorphism «. As a remarkable byproduct, all the spectral triples we construct on the
inductive limit C*-algebra are semifinite spectral triples.

Let us recall that the first notion of type IT noncommutative geometry appeared in [18], where semifinite
Fredholm modules were introduced, a notion then generalized in [11], see also [12], with that of semifinite
unbounded Fredholm module. The latter is essentially the same definition as that of von Neumann spectral
triples of [7], where some previous constructions [4,15,36,27] were reinterpreted as examples of such concept.
In the same period, Ref. [29] considered semifinite spectral triples for graph algebras and posed the problem
of exhibiting more examples of the kind, which was done in [30] using k-graph algebras and in [1] inspired
by quantum gravity. Further examples have been considered in [38,23,10].

In the cases we analyze, it is possible to construct natural spectral triples on the C*-algebras A, of the
inductive family, which converge, in a suitable sense, to a triple on the inductive limit, and the latter triple
is indeed semifinite.

The leading idea is that of producing geometries on each of the noncommutative coverings A,, which are
locally isomorphic to the geometry on the original noncommutative space A. This means in particular that
the covering projections should be local isometries or, in algebraic terms, that the noncommutative metrics
given by the Lip-norms associated with the Dirac operators via L,(a) = ||[Dn,a]|l (cf. [16,34]) should be
compatible with the inductive maps, i.e. L,y1(a(a)) = L,(a), a € A,. In one case, this property will be
weakened to the existence of a finite limit for the sequences L, 4,(a”(a)), a € A,,.

The above request produces two related effects. On the one hand, the noncommutative coverings are
metrically larger and larger, so that their radii diverge to infinity, and the inductive limit is topologically
compact (the C*-algebra has a unit) but not totally bounded (the metric on the state space does not induce
the weak*-topology). On the other hand, the spectrum of the Dirac operator becomes more and more
dense in the real line, so that the resolvent of the limiting Dirac operator cannot be compact, being indeed
T-compact w.r.t. a suitable trace, and thus producing a semifinite spectral triple on the inductive limit.

Pursuing this idea means also that we see the elements of the inductive family in a more geometric
way, namely as distinct (though isomorphic) algebras of “functions” on noncommutative coverings, and the
inductive maps as embeddings of a sub-algebra into an algebra of “less periodic” functions. In this sense the
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