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1. Introduction

Given a basic semi-algebraic set
Q={xeR":gj(x) >0,j=1,...,m}, (1.1)

for some polynomials (g;) C R[x], we want to compute (or more precisely, approximate
as closely as desired) p(€2) for the standard Gaussian measure on R™:
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and the standard exponential measure on the positive orthant R"} :
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u(B) = —— /exp(—in) dx, VBeBR). (1.3)
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This problem is “canonical” as for a non-centered Gaussian with density exp(—(x —
m)TQ(x—m)) (for some real symmetric positive definite matrix Q) or for an exponential
measure with density exp(—)_, A\;z;) one may always reduce the problem to the above
one by an appropriate change of variable. Indeed after this change of variable the new
domain is again a basic semi-algebraic set of the form (1.1).

Computing ©(€2) has applications in Probability & Statistics where the Gaussian
measure plays a central role. In full generality with sets € as general as (1.1), it is a
difficult and challenging problem even for rectangles €2, e.g.:
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in small dimension like n = 2 or n = 3. Indeed, citing A. Genz [10]: bivariate and trivari-
ate probability distributions computation are needed for many statistics applications ...
high quality algorithms for bivariate and trivariate probability distribution computations
have only more recently started to become available. For instance, Genz [10] describes
techniques with high accuracy results for bivariate and trivariate “rectangles” (1.4) using
sophisticated techniques to integrate Plackett’s formula. Again those efficient techniques
takes are very specific as they take advantage of Plackett’s formula available for (1.4).
Interestingly, a (complicated) formula in closed form is provided in Chandramouli and
Ranganathan [6] via the characteristic function method.

The case of ellipsoids € has been investigated in the pioneering work of Ruben [20],
Kotz et al. [13,14] when studying the distribution of random variables that are quadratic
forms of independent normal variables. Even in small dimension it has important appli-
cations in Astronautics where for instance p(€2) can model the probability of collision
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