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1. Introduction

Let n; be a homogeneous Poisson point process of intensity ¢t > 0 in a compact convex
observation window W C R? with volume V(W) > 0 and let (&, : t > 0) be a sequence of
positive real numbers such that §; — 0, as t — co. A random graph G(n, d;) is defined
by taking the points of 7; as its vertices and by connecting two distinct points x,y € 7,
by an edge if and only if

0 <z —yll <o,

where ||z — y|| stands for the Euclidean distance between x and y. The resulting graph
G(ne, 04) is called Gilbert graph, random geometric graph or distance graph, and in the
special cases d = 1 and d = 2 also interval or disc graph, respectively. It has been
introduced (in the planar case) by Gilbert [12] in 1961. As opposed to the Erdés—Rényi
random graph, which is a purely combinatorial object, the Gilbert graph is a random
geometric graph because in its construction the relative position of the points in space
plays an essential role.

The aim of the present paper is to investigate functionals related to the edge lengths

of the Gilbert graph. The length-power functionals LET) of interest are defined by

T 1 T
L7=5 > -yl <) -yl (1.1)
(Ly)an,#

where 7 € R and ni  stands for the set of all pairs of distinct points of 7;. The cases

) is the number of edges of

7 =0 and 7 = 1 are of particular importance. Namely, L§°
G (e, 0¢) and Lgl) is its total edge length. In our analysis, we focus on the asymptotic be-
havior of L,(:T), as t — oo and d; — 0. For this situation we first compute the asymptotic
expectation of LI(ST) and thereby establish a connection to the covariogram of the under-
lying convex set W. We also analyze the asymptotic covariances of LE“) and ng) for
71,72 > —d/2. In a next step, we develop an understanding for the asymptotic behavior
of the length-powers of the individual edges. In this context, we will show that the col-
lection of all edge length-powers converges, after a suitable re-scaling, to a Poisson point
process on the real line. We then develop a comprehensive distributional limit theory
for the functionals LET) for all powers 7. Depending on the choice of 7 and the distance
parameters (d; : ¢ > 0), we obtain central limit theorems as well as non-central limit
theorems in which a stable or a compound Poisson limiting random variable shows up.
These results provide a complete picture of the asymptotic distributional behavior of the
length-power functionals LET) and substantially add to the existing literature. Moreover,
we shall also provide multivariate versions of the mentioned central and non-central limit
theorems. Our main tool to prove the central limit theorems is the recently developed
Malliavin—Stein method for Poisson functionals (see [19,20,27]). This technique allows
us to provide rates of convergence in Kolmogorov distance for the range 7 > —d/4. For
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