Advances in Applied Mathematics 89 (2017) 184-199

Contents lists available at ScienceDirect
. . . r
Advances in Applied Mathematics MATHEMATIES

www.elsevier.com/locate/yaama

Beta-hypergeometric probability distribution on

symmetric matrices

@ CrossMark

A. Hassairi *, M.A. Masmoudi, O. Regaig

Sfax University, Tunisia

ARTICLE INFO

ABSTRACT

Article history:

Received 5 May 2016

Received in revised form 29 April
2017

Accepted 1 May 2017

Available online 18 May 2017

MSC:
60B11
60B15
60B20

Keywords:

Matrix hypergeometric function
Symmetric matrices
Generalized power

Spherical function

Zonal polynomial with matrix
argument

Continued fractions

In this paper, we first give some properties based on inde-
pendence relations between matrix beta random variables of
the first kind and of the second kind which are satisfied un-
der a condition on the parameters of the distributions. We
then show that with the matrix beta-hypergeometric distri-
bution, the properties established for the beta distribution
are satisfied without any condition on the parameters. The
results involve many remarkable properties of the zonal poly-
nomials with matrix arguments and the use of random matrix
continued fractions. As a particular case, we get the results
established for the real beta-hypergeometric distributions by
Asci, Letac and Piccioni [1].
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1. Introduction

The real beta distributions of the first and of the second kind with parameters p > 0
and ¢ > 0 are usually denoted by ﬁ,()}g and B,(,?; respectively. They are given by
P11 —x)at

(1) =
5p,q (dm) B(pa Q)

1(071)(1')(1%,

and

P~ N1+ x)f(erq)
B(p,q)

where B(p, q) is the beta Euler function.

B (dx) = 10, 00) (2)da,

These distributions are among the most usual real distributions both in probability
theory and in statistics, they are linked by many remarkable properties. It is in particular
shown in [1] that

if W'~ ﬁéiza’,a’ is independent of X ~ 5&2,, then TTwx ™ 531}7 (1.1)
and in [4] that
if W~ ﬂ((li)a,’a, X ~ 51(111)11 , W~ 5532(1,7&, are independent, then 7 ~ X.
TTWX
(1.2)

In these two properties, the random variables W and W’ are beta distributed with first
parameter equal to the sum of the parameters of the distribution of the variable X. Asci,
Letac and Piccioni [1] have used the so-called real beta-hypergeometric distribution to
extend these results to the general case where W ~ 522(1) and W' ~ 515,23/ with b > 0 not
necessarily equal to a 4+ a’. Recall that the real hypergeometric function ,F, is defined
for positive numbers a1, ..., ap; b1, ..., bg, by

= (al)n...(ap)n .
F, vy Gy b1, e by ) = E — " th (a), = ———=.
p q(ah , Ap; 01,4 -0y q,l') P n'(bl)n(bq)nm , WI (a)

The beta-hypergeometric distribution with parameters (a,a’,b) is then defined by
Ha,arb(dT) = C(a,d, b)x“fl(l — x)bil oF1(a,b;a + a';x)1(071)(x)dx,

where

I'(a+b)
['(a)T(b)sF(a,a,b;a +b,a+a’;1)"

C(a,d’,b) =

Note that the distribution g 41, reduces to a B((li)l, when b =a +a’.
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