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In this paper, a non-stationary combined subdivision scheme is presented, which can unify 

several existing non-stationary approximating and interpolatory subdivision schemes. This 

scheme is obtained by generalizing the connection between the approximating and inter- 

polatory schemes in the stationary case, first formalized by Maillot & Stam using a push- 

back operator, to the non-stationary case. For such a combined scheme, we investigate its 

C l convergence and exponential polynomial generation/reproduction property and get that 

it can reach C 4 degree of smoothness and generate/reproduce certain exponential polyno- 

mials with suitable choices of the parameters. Besides, we give a more generalized com- 

bined scheme for the purpose of generating and reproducing more general exponential 

polynomials. The performance of our new schemes is illustrated by several numerical ex- 

amples. 

© 2017 Elsevier Inc. All rights reserved. 

1. Introduction 

Subdivision schemes are efficient tools to generate smooth curves and surfaces and they play an important role in com- 

puter graphics and wavelets. In general, subdivision schemes can be divided into approximating and interpolatory ones. 

These two kinds of schemes are related by a deep connection, which is fist formalized by Maillot & Stam [1] using a push- 

back operator to transform an approximating polyline at each subdivision step to an interpolatory polyline. Since then, there 

have been numerous works on the generation of interpolatory subdivision schemes from the approximating ones by using 

this kind of connection. Novora & Romani [2] constructed a ternary 4-point combined scheme which can unify quite a 

number of existing approximating and interpolatory schemes using this kind of connection. Luo & Qi [3] analyzed the inter- 

polatory schemes obtained from the approximating ones by the push-back operation systematically in the univariate case. 

Lin et.al. [4] applied the push-back operation to the surface subdivision schemes and derived surface interpolatory schemes 

and combined ones. Besides, Zhang & Wang [5] proposed a kind of semi-stationary subdivision schemes by the push-back 

operator. For other references on the generation of interpolatory schemes from the approximating ones, refer to [6–8] and 

references therein. 

The process of obtaining interpolatory subdivision schemes using the push-back operation in the above works is easy 

to manipulate and can also be used to design new subdivision schemes. However, all these works are restricted to the sta- 

tionary schemes which can only generate/reproduce algebraic polynomials. As is known, non-stationary subdivision schemes 

can generate richer function spaces and reproduce conic sections, astroid and cardioid etc, which can not be done in the 
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stationary case. Therefore, in this paper, we generalize the push-back operation to the non-stationary case and construct 

a non-stationary combined approximating and interpolatory subdivision scheme. This new scheme is derived starting from 

the cubic exponential B-spline scheme. We show that our non-stationary combined scheme can unify several existing non- 

stationary approximating and interpolatory schemes. For such a combined scheme, we investigate its C l convergence and 

exponential polynomial generation/reproduction property and show that it can reach C 4 smoothness and generate/reproduce 

certain exponential polynomials with suitable choices of the parameters. Moreover, we give a more generalized combined 

scheme for the purpose of generating and reproducing more general exponential polynomials. We also provide some nu- 

merical examples to show the performance of our new schemes. 

The rest of the paper is organized as follows. In Section 2 , we recall some basic knowledge about subdivision schemes. 

The new non-stationary combined subdivision scheme introduced in this paper is given in Section 3 while its C l convergence 

and exponential polynomial generation/reproduction property is investigated in Sections 4 and 5 , respectively. In Section 6 , 

we move a further step and give a more generalized version of our new combined scheme. 

2. Background 

In this section, we recall some definitions and known facts which form the basis of the rest of this paper. Let l(Z ) 

denote the linear space of real sequences. Given a sequence of initial control points q 0 = { q 0 
j 
, j ∈ Z } ∈ l(Z ) , we consider the 

univariate non-stationary binary subdivision scheme 

( q 

k +1 ) i = (S a k q 

k ) i := 

∑ 

j 

a k i −2 j q 
k 
j , k ≥ 0 , 

where S a k is the k -level subdivision operator mapping l(Z ) to l(Z ) , a 

k = { a k 
i 
, i ∈ Z } is the k -level mask with finite length 

and, we denote this subdivision scheme by { S a k } k ≥0 . The k -level symbol of the mask a 

k is the Laurent polynomial a k (z) = ∑ 

i ∈ Z a k i 
z i . If the subdivision rules do not depend on the refinement level, i.e. a 

k = a for k ≥ 0, the subdivision scheme 

becomes a stationary one and we denote it by S a or simply S for short. 

By attaching q k 
i 

to i /2 k for i ∈ Z , k ≥ 0, we say the non-stationary subdivision scheme { S a k } k ≥0 converges to a function 

f q 0 ∈ C 0 , the linear space of continuous functions, for the bounded initial control sequence q 0 , if 

lim 

k →∞ 

|| f q 0 
(

i 

2 

k 

)
− q 

k || ∞ 

= 0 . 

In this case, we say the scheme { S a k } k ≥0 is C 0 convergent. If f q 0 ∈ C l , { S a k } k ≥0 is said to be C l convergent. 

Recall that a subdivision scheme is an interpolatory one if the corresponding masks { a 

k } k ≥ 0 satisfy 

a k 2 i = δi, 0 . 

This condition guarantees that all points generated at a given level k will be kept in the next level k + 1 . 

The definition of exponential polynomial spaces can be reviewed as follows. 

Definition 1. ( [8] ) Let T ∈ Z + and γ = { γ0 , γ1 , . . . , γT } with γ T � = 0 a finite set of real or imaginary numbers. Let D 

n be the 

n th order differential operator. The space of exponential polynomials V T , γ is defined as 

V T, γ := { f : R → C , f ∈ C T (R ) : 
T ∑ 

j=0 

γ j D 

j f = 0 } . 

The exponential polynomial space V T , γ can be characterized by the following lemma. 

Lemma 1. ( [8] ) Let γ (z) = 

∑ T 
j=0 γ j z 

j and denote by { θl , τl } l=1 , ... ,N the set of zeros with multiplicity satisfying 

γ (r) (θl ) = 0 , r = 0 , . . . , τl − 1 , l = 1 , . . . , N. 

Then 

T = 

N ∑ 

l=1 

τl , V T, γ := span { x r e θl x , r = 0 , . . . , τl − 1 , l = 1 , . . . , N} . 

3. The non-stationary combined subdivision scheme 

The main purpose of this section is to give the new non-stationary combined approximating and interpolatory subdivi- 

sion scheme. Before that, let us first briefly review the connection between the cubic B-spline scheme and the D-D 4-point 

interpolatory scheme as follows [4] . 
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