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1. Introduction

It is well-known that singular integral equations (SIEs) and boundary value problems (BVPs) for analytic functions are
main branches of complex analysis and have a lot of applications, e.g., in elasticity theory, fluid dynamics, shell theory,
underwater acoustics, quantum mechanics. The theory is well developed by many authors. Muskhelishvilli [1] studied SIE
with Cauchy kernel as well as convolution kernel, especially the solvable Noether theory. Litvinchuc [2] extended the theory
to the more general integral equations with convolution kernel and equations with Hilbert kernel in either closed curves
or open arcs. Later, Du and Shen [3] further considered integral equations of convolution type with variable coefficients.
Recently, Li and Ren [4] investigated some classes of convolution equations with harmonic singular operator, which can be
translated into Riemann boundary value problems (RBVPs) with discontinuous coefficients via Fourier transforms and given
the conditions of solvability and the explicit solutions.

The purpose of this paper is to extend further the theory to generalized convolution-type singular integral equations with
Cauchy kernel. By applying the integral equation theory and the generalized resolvent kernel operator theory, we discuss
the problem to find solutions for the equation in the normal type and the non-normal type cases. The general solutions and
the conditions of solvability are obtained in class {0} by our method. This paper improves some results for Refs. [5-10].

2. Preliminaries
In this section, we give some classes of functions and their properties.
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Definition 2.1. Let F(x) be a continuous function on [—M, M]. If there exists some positive real number B such that for any
X1, X € [—M, M], the following condition

[F(x1) —F(x2)| <Blx;y —x2|° (0<o <1)

holds, we say that F(x) € H°.
For simplification, we denote F(x) € H.

Definition 2.2. Assume that F(x) is a continuous on the whole real domain R. We say that F(x) e H if the following condi-
tions are fulfilled:

(1) F(x) € H on [—-M, M] for any sufficient large positive number M.
(2) [F(x1) = F(xp)| < A|— - —| for any |x;| > M(j =1,2) and some positive constant A.

Definition 2.3. Assume that F(x) satisfies the following conditions:
(1) F(x) € H. (2) F(x) € L'(R), where L' (R) = {F(x) | [y, [F(x)|dx < +oc}.
We say that F(x) belongs to class {{0}}.
If a function F(x) satisfies the Hélder condition on a neighborhood N, of co, we denote as F(x) € H(Ny,).

Definition 2.4 (see [11]). A function f{t) belongs to class {0}, if its Fourier transform
1 )
FLf(t =7/ t)e™dt
[f(®)] T 1Rf )

belongs to the class {{0}}, we denote as F[f(t)] = F(x).
For any functions h(t), ¢(t) € {0}, their convolution is denoted by

1
hx@(t =—/ht—s s)ds, teR.
@(t) N (t=s)p(s)
We also introduce the operator T of Cauchy principal value integral as

T (t) = 5 26 s

Lemma 2.1. If ¢(t) € {0}, then F[Te(t)] = —P(x)sgn(x), where ®(x) = Flp(t)].

Proof. Since

T ‘p(f) it g — em —d d 21
by extended Residue theorem, we have
1 oixt ex, if x>0,
f./ £ ar=lo, if x=0 (22)
TRt-T —eixT, if x<0.

Substituting (2.2) into (2.1), we obtain
F[To(t)] = —sgn(x) —— / @(t)edt = —sgn(x) P (x). (23)
Similarly F[To(-t)] = —®(—x)sgn(x). O

Lemma 2.2. If ¢(t) € {0}, ©(x) = F[Te(t)], then Fsgn(t)p(t)] = TP (x).

Proof. Since

Flsgn(t)g(t)] = J%T / sgn(t)p(t)eMdt
1 ixt 4¢ _ L ixt
= \/TTT R+(p(t)e dt m/ﬂgigo(t)e dt

= O (x) + P (%)

and ®(x) € {0}, TP(x) = P (x) + O~ (x), we have F[sgn(t)p(t)] = TO(x),
where R* = [0, +0), R~ = (-00,0). O

Lemma 2.3 (see [11]). If ¢(t) € {0}, ¥ (t) € {0}, then @*yr(t) € {0}, Flo * ¥ (t)] = Px)W(x).
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