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a b s t r a c t 

Let M be an n × n matrix with entries m ij ( i, j = 1 , 2 , . . . , n ). The permanent of M is defined 

to be 

per (M) = 

∑ 

σ

n ∏ 

i =1 

m iσ (i ) , 

where the sum is taken over all permutations σ of { 1 , 2 , . . . , n } . The permanental poly- 

nomial of M is defined by per (xI n − M) , where I n is the identity matrix of size n . In this 

paper, we give recursive formulas for computing permanental polynomials of the Laplacian 

matrix and the signless Laplacian matrix of a graph, respectively. 

© 2017 Elsevier Inc. All rights reserved. 

1. Introduction 

All graphs considered in this paper are simple and undirected. Let G = (V (G ) , E(G )) be a graph with vertex set V (G ) = 

{ v 1 , v 2 , . . . , v n } and edge set E ( G ). The adjacency matrix of G , denoted by A (G ) = (a i j ) n ×n , is an n × n symmetric matrix such 

that a i j = 1 if vertices v i and v j are adjacent and 0 otherwise. Let d i = d(v i ) = d G (v i ) be the degree of vertex v i in G and 

D (G ) = diag (d 1 , d 2 , . . . , d n ) be the diagonal matrix of vertex degrees. The Laplacian matrix and signless Laplacian matrix of G 

are defined as L (G ) = D (G ) − A (G ) and Q(G ) = D (G ) + A (G ) , respectively. 

Given an n × n matrix M with entries m ij ( i, j = 1 , 2 , . . . , n ), the permanent of M is defined to be 

per (M) = 

∑ 

σ

n ∏ 

i =1 

m iσ (i ) , 

where the sum is taken over all permutations σ of { 1 , 2 , . . . , n } . Denote by 

ψ(M; x ) = per (xI n − M) , 

or simply ψ( M ), the permanental polynomial of M , where I n is the identity matrix of size n . In particular, we call 

ψ( A ( G )) (respectively, ψ( L ( G )), ψ( Q ( G ))) the adjacency (respectively, Laplacian, signless Laplacian ) permanental polynomial of a 

graph G . 

It is known [33] that computing the permanent of a square matrix is a #P-complete problem even for (0, 1)-matrix. Thus, 

it is difficult to compute the permanental polynomials of graphs. The adjacency permanental polynomials of graphs were 

∗ Corresponding author. 

E-mail addresses: xiaogliu.yzhang@gmail.com , xiaogliu@nwpu.edu.cn (X. Liu), mathtzwu@163.com (T. Wu). 

http://dx.doi.org/10.1016/j.amc.2017.01.052 

0 096-30 03/© 2017 Elsevier Inc. All rights reserved. 

http://dx.doi.org/10.1016/j.amc.2017.01.052
http://www.ScienceDirect.com
http://www.elsevier.com/locate/amc
http://crossmark.crossref.org/dialog/?doi=10.1016/j.amc.2017.01.052&domain=pdf
mailto:xiaogliu.yzhang@gmail.com
mailto:xiaogliu@nwpu.edu.cn
mailto:mathtzwu@163.com
http://dx.doi.org/10.1016/j.amc.2017.01.052


104 X. Liu, T. Wu / Applied Mathematics and Computation 304 (2017) 103–113 

first studied by Turner [31] , and subsequently by Merris et al. [27] and Kasum et al. [20] . Since then, a lot of works were 

done on the adjacency permanental polynomials of graphs, including: 

1. Characterizing relations between the adjacency permanental and characteristic polynomials of graphs [2,10,11,17,27,36,37] ; 

2. Computing the adjacency permanental polynomials of some chemical graphs [6–8,19,21,24,32] ; 

3. Characterizing which graphs are determined by their adjacency permanental polynomials [25–27,34,35,38] ; etc.. 

The Laplacian permanental polynomials of graphs were first studied by Merris et al. [27] and Merris [28] , and then 

Brualdi and Goldwasser [4] , Goldwasser [16] and Bapat [3] studied the permanents of the Laplacian matrices of graphs (note 

that per (L (G )) = (−1) | V (G ) | ψ(L (G ) ; 0) for a graph G ). Recently, new progress on the Laplacian permanental polynomials of 

graphs, in particular, the permanents of the Laplacian matrices of graphs has been made in [9,14,15] . Meanwhile, there 

have been some work on the permanents of the signless Laplacian matrices of graphs [22,23] . For more information on the 

permanents of matrices, we refer the reader to the monograph [29] . 

Let G be a graph with a vertex subset S ⊆V ( G ). Denote by G − S the graph obtained by deleting the vertices S from G 

together with all edges incident with S . In particular, if S = { v } with v ∈ V (G ) , we write G − { v } simply by G − v . In [1] , 

Borowiecki and Jóźwiak gave the recursive formulas to calculate the adjacency permanental polynomials of graphs, which 

are stated as follows. 

Theorem 1.1. 

(a) Let v be a vertex of G , C G (v ) the set of cycles of G containing v and N(v ) the set of vertices of G adjacent to v . Then 

ψ(A (G ) ; x ) = xψ(A (G − v )) + 

∑ 

u ∈ N(v ) 

ψ(A (G − { u, v } )) + 2 

∑ 

C∈ C G (v ) 

(−1) | V (C) | ψ(A (G − V (C))) . 

(b) Let e = u v be an edge of G and C G (e ) the set of cycles containing e in G. Denote by G − e the graph obtained by deleting 

the edge e from G. Then 

ψ(A (G ) ; x ) = ψ(A (G − e )) + ψ(A (G − { u, v } )) + 2 

∑ 

C∈ C G (e ) 

(−1) | V (C) | ψ(A (G − V (C))) . 

The main purpose of this paper is to give the recursive formulas to compute the Laplacian and the signless Laplacian 

permanental polynomials of graphs, respectively. Our main results are stated in the following, where L S ( G ) (respectively, 

Q S ( G )) denotes the principal submatrix of L ( G ) (respectively, Q ( G )) formed by deleting the row and column corresponding to 

all vertices of S ⊆V ( G ), and L e ( G ) (respectively, Q e ( G )) denotes the principal submatrix of L ( G ) (respectively, Q ( G )) formed by 

deleting the row and column corresponding to the vertices of the edge e ∈ E ( G ). In particular, if S = { v } with v ∈ V (G ) , then 

L { v } (G ) and Q { v } (G ) are simply written as L v (G ) and Q v (G ) , respectively. 

Theorem 1.2. 

(a) Let v be a vertex of a graph G , C G (v ) the set of cycles of G containing v and N(v ) the set of vertices of G adjacent to v . 
Then 

ψ(L (G ) ; x ) = (x − d(v )) ψ(L v (G )) + 

∑ 

u ∈ N(v ) 

ψ(L v u (G )) + 2 

∑ 

C∈ C G (v ) 

ψ(L V (C) (G )) . 

(b) Let e = u v be an edge of a graph G. Denote by G − e the graph obtained by deleting the edge e from G. Then 

ψ(L (G ) ; x ) = ψ(L (G − e )) − ψ(L v (G − e )) − ψ(L u (G − e )) + 2 ψ(L u v (G )) + 2 

∑ 

C∈ C G (e ) 

ψ(L V (C) (G )) . 

Theorem 1.3. 

(a) Let v be a vertex of a graph G , C G (v ) the set of cycles of G containing v and N(v ) the set of vertices of G adjacent to v . 
Then 

ψ(Q(G ) ; x ) = (x − d(v )) ψ(Q v (G )) + 

∑ 

u ∈ N(v ) 

ψ(Q v u (G )) + 2 

∑ 

C∈ C G (v ) 

(−1) | V (C) | ψ(Q V (C) (G )) . 

(b) Let e = u v be an edge of G. Denote by G − e the graph obtained by deleting the edge e from G. Then 

ψ(Q(G ) ; x ) = ψ(Q(G − e )) − ψ(Q v (G − e )) − ψ(Q u (G − e )) + 2 ψ(Q u v (G )) + 2 

∑ 

C∈ C G (e ) 

(−1) | V (C) | ψ(Q V (C) (G )) . 

The paper is organized as follows. In Section 2 , we first prove Theorem 1.2 , and then we give recursive formulas to 

compute the Laplacian permanental polynomials of some graphs with specific structures. In Section 3 , we prove Theorem 1.3 , 

and we also give recursive formulas to compute the signless Laplacian permanental polynomials of some graphs with specific 

structures. Applications of Theorems 1.2 and 1.3 are given in Section 4 . 
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