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A SIMPLE FINITE ELEMENT METHOD FOR LINEAR
HYPERBOLIC PROBLEMS

LIN MU ∗ AND XIU YE†

Abstract. In this paper, we introduce a simple finite element method for solving first order
hyperbolic equations with easy implementation and analysis. This new method, with a symmetric,
positive definite system, is designed to use discontinuous approximations on finite element parti-
tions consisting of arbitrary shape of polygons/polyhedra. Error estimate is established. Extensive
numerical examples are tested that demonstrate the robustness and flexibility of the method.
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1. Introduction. We consider the model problem that seeks an unknown func-
tion u = u(x) satisfying

∇ · (βu) =f, in Ω,

u =g, on Γ−,
(1.1)

where β is a flow field, Γ− is the inflow boundary defined as follows

Γ− = {x ∈ ∂Ω, β(x) · n(x) < 0},
and Γ+ = ∂Ω \ Γ−. We assume that the model problem (1.1) has a unique solution.
This first order hyperbolic equation has many applications in science and engineering.

Linear hyperbolic partial differential equations may have discontinuous solutions
when the boundary data is discontinuous. The nature of this type of problems makes it
difficult to develop numerical methods for resolving discontinuities without introduc-
ing spurious oscillations. Numerical solutions of the first order hyperbolic equations
have been investigated intensively and many different numerical schemes have been
developed such as SUPG and continuous/discontinuous Galerkin methods [6, 9] and
references therein.

The goal of this paper is to develop a simple and flexible finite element scheme to
solve the hyperbolic equation (1.1). Our method can be derived by using discontinuous
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