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Abstract

We propose a new high-order alternating direction implicit (ADI) finite difference scheme for the
solution of initial-boundary value problems of convection-diffusion type with mixed derivatives and
non-constant coefficients, as they arise from stochastic volatility models in option pricing. Our
approach combines different high-order spatial discretisations with Hundsdorfer and Verwer’s ADI
time-stepping method, to obtain an efficient method which is fourth-order accurate in space and
second-order accurate in time. Numerical experiments for the European put option pricing problem
using Heston’s stochastic volatility model confirm the high-order convergence.
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1. Introduction

In financial option pricing, stochastic volatility models as the Heston model [20] have become one of
the standard approaches. Unlike the classical Black & Scholes model [3] the volatility (or standard
deviation) of the option’s underlying asset is not assumed to be constant, but is modelled as a
second, correlated stochastic diffusion process. This additional source of randomness allows to
model option prices more accurately and to fit higher moments of the asset return distribution.
Using Ito’s lemma and standard arbitrage arguments, partial differential equations of convection-
diffusion type with mixed second-order derivatives are derived for pricing options.

For some stochastic volatility models and under additional restrictions, closed-form solutions
can be obtained by Fourier methods (e.g. [20], [15]). Another approach is to derive approximate
analytic expressions, see e.g. [2] and the literature cited therein. In general, however, —even in the
Heston model [20] when the parameters in it are non constant— the partial differential equations
arising from stochastic volatility models have to be solved numerically. Moreover, many (so-called
American) options feature an additional early exercise right. Then one has to solve a free boundary
problem which consists of the partial differential equation and an early exercise constraint for the
option price. Also for this problem one typically has to resort to numerical approximations.

In the mathematical literature, there are many papers on numerical methods for option pricing,
mostly addressing the one-dimensional case of a single risk factor and using standard, second order
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