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Symplectic scheme define a new type of energy functional by using a recursion relationship, and then prove
Energy conservation that the compact scheme is mass and energy-conserved, symplectic-conserved, uncondi-
Optimal error estimate tionally stable and can be computed efficiently. Numerical experiments confirm well the

theoretical analysis results.
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1. Introduction

The nonlinear Schrodinger (NLS) equation describes many phenomena and has important applications in fluid dynamics,
nonlinear optics and quantum mechanics [3,20]. Various kinds of numerical methods can be found for simulating solutions
of the NLS equation. In [4,5,17], time-splitting pseudo-spectral methods are investigated. In [16,22,23], several important
numerical methods are tested, analyzed and compared. The discontinuous Galerkin methods are considered in [13,27]. For a
detailed description of various numerical methods for NLS equation as well as its implementation and applications, we refer
the readers to the orthogonal spline collocation method [15,19] and the Runge-Kutta or Crank-Nicolson pseudo-spectral
method [8,18] and the references therein.

Based on the basic rule that numerical algorithms should preserve the intrinsic properties of the original problems
as much as possible, Feng [9] first presented the concept of symplectic schemes for Hamiltonian systems and developed
the structure-preserving algorithms for the general conservative dynamical systems. In [6,26], the authors propose several
conservative finite difference schemes for NLS equation and present that these schemes preserve the total mass and energy

* Authors are supported by NNSFC (No. 11571181, No. 91530118, No. 11471310, No. 91630312, No. 11021101, No. 11290142, No. 11601032).
* Corresponding author.
E-mail addresses: hjl@lsec.cc.ac.cn (J. Hong), jilihai@lsec.cc.ac.cn (L. Ji), konglh@mail.ustc.edu.cn (L. Kong), wangtingchun2010@gmail.com (T. Wang).

http://dx.doi.org/10.1016/j.apnum.2017.05.004
0168-9274/© 2017 IMACS. Published by Elsevier B.V. All rights reserved.


http://www.ScienceDirect.com/
http://www.elsevier.com/locate/apnum
mailto:hjl@lsec.cc.ac.cn
mailto:jilihai@lsec.cc.ac.cn
mailto:konglh@mail.ustc.edu.cn
mailto:wangtingchun2010@gmail.com
http://dx.doi.org/10.1016/j.apnum.2017.05.004
http://crossmark.crossref.org/dialog/?doi=10.1016/j.apnum.2017.05.004&domain=pdf

J. Hong et al. / Applied Numerical Mathematics 120 (2017) 68-81 69

in the discrete sense. Ref. [11] firstly studied the standard Crank-Nicolson finite difference scheme which is a symplectic
scheme [7,21], and obtained an error estimate of the numerical solution under an rigorous condition 7/h? < o(1) with
time-step T and mesh-size h. However, the symplectic finite difference schemes for nonlinear Hamiltonian systems can
not preserve the total energy in the discrete sense [10]. Furthermore, it is very difficult to obtain a priori estimate of the
numerical solution of symplectic schemes in L°°-norm.

To the best of our knowledge, there is no reference about symplectic and energy conservative numerical methods for
NLS equation till now. In this work, we proposed a novel compact scheme for NLS equation. High-order compact technique
is popular due to its high resolution, compactness and economy in scientific computation [14]. The proposed scheme can
not only preserve the discrete symplectic structure, but also conserves the total mass and energy conservation laws. And
the convergence result is analyzed, which shows that the compact scheme is of second order in time and of fourth order
in space. Special techniques are utilized to achieve the optimal order of accuracy. Numerical experiments are shown to
demonstrate the accuracy and capability of the proposed compact scheme.

The rest of this paper is organized as follows. In Section 2, we present some preliminary results and introduce several
useful lemmas. In Section 3, a novel compact scheme for NLS equation is proposed and we show that the scheme preserves
the discrete symplectic conservation law, discrete mass conservation law and discrete energy evolution law. The optimal
error estimate in maximum norm is presented in Section 4. In Section 5, numerical experiments are performed to testify
the effectiveness and accuracy of the scheme. Finally, some conclusions are addressed in Section 6.

2. Preliminary results

In order to simplify the notations, in this paper we consider one-dimensional NLS equation. The NLS equation of our
interest is

iut—{—auxx—i-V(x)u+f(|u|2)u=0, xeQ, te(0,T], (2.1)
with an initial condition
ux,0) =) (2.2)

and homogeneous boundary conditions. Here, 2 =[a, b], V(x) and f(u) are arbitrary (smooth) nonlinear real functions and
o is a real constant. It can be proved that the NLS equation (2.1) possesses the mass conservation law,

b
Q) := / lu(x, t)|?dx = Constant, (2.3)
a
and energy conservation law
b
Et) :=/ (a|Vu|2 — VP - F(|u|2))dx — Constant, (2.4)

a

where
q
F(q)= / f(p)dp.
0

If we set u =r +is, where r, s are real-valued functions, we can separate (2.1) into the following form
It + oS+ V(X)s + f(r? +5%)s =0,
—St 4 aryy + VX1 + f(r2 +sHr=0.

By introducing two additional new variables, p = sy, q =y, and defining a state variable z= (1, s, p, q)7, the equation above
can be transformed to the Hamiltonian system

Kze + Lzy = V,S(x, 2), (2.5)
where
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and



Download English Version:

https://daneshyari.com/en/article/5776586

Download Persian Version:

https://daneshyari.com/article/5776586

Daneshyari.com


https://daneshyari.com/en/article/5776586
https://daneshyari.com/article/5776586
https://daneshyari.com

