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1. Introduction and preliminaries

The well-known quadrature formula for numerical integration over the line segment [zg — h, zg + h] of analytic functions
in the complex domain Q= {z : |z—z| <1}, [h| <,
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was obtained by Birkhoff and Young [5], and it is exact for all algebraic polynomials of degree at most five. Young [32]

proved that its error term can be estimated by

|n|” 6
REY(H)| < —— max|f©(z)],
[R5 (f)l_1890 na [ (2)]
where S denotes the square with vertices zg + ih, k =0, 1,2, 3 (see also the monograph [6, p. 136]). Birkhoff-Young rule
can be compared with the so-called extended Simpson rule (cf. [28, p. 124]) with the nodes zg, zg & h, zo & 2h, and
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Both formulas use N =5 points and have the same algebraic degree of exactness d =5, but [REY ()| ~ 0.4 |RES(f)|.
In 1976 Lether [10] transformed Birkhoff-Young formula from [z9 — h, zg + h] to [—1, 1] (of course, without loss of
generality),

I(f)= /f(Z)dZ——f(O)+ [fFD+ f(~ 1)]——[f(1)+f( D]+Rs(f), (11)

and pointed out that the three point Gauss-Legendre quadrature which is also exact for all polynomials of degree at most
five, is more precise than (1.1) and he recommended it for numerical integration. However, To$i¢ [29] improved the quadra-
ture (1.1) in a simple way taking its nodes at the points £r and =ir, with r € (0, 1), instead of +1 and =i, respectively, and
derived an one-parametric family of quadrature rules in the form
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It is clear that for r =1 it reduces to (1.1). However, for r = {/3/5, the coefficient of f(ir) + f(—ir) vanishes, and it reduces
to the three point Gauss-Legendre formula,

I(f) = gf(O) + g [f (@) +f (—\/g)} + RS (), (1.3)

where RS (f) = RI(f; v/3/5).

Expanding the error-term Rg(f; r) in (1.2) in the form
RI(fir) = _2 + f(G)(O) (-2 + f<8>(0) +- (14)
> 3.6 5.8! ’

and putting r = /3/7 in order to vanish the first term in (1.4), To3i¢ [29] obtained a five-point formula of algebraic degree
of exactness seven,
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We note that the error term in the Gaussian formula (1.3) is given by

with the error-term

RS(f)=RI(f:/3/5) = ®0 ®© - 26.35-107° f©(0).
3(/H)=Rs(f;v/3/5) = 15750f 0 — 226800f 0)+-- F(0)

Quadrature formulae of Birkhoff-Young type for analytic functions have been investigated in several papers in different
directions (cf. [1,15,20,22]). These formulas can also be used to integrate real harmonic functions (see [5]). In addition,
we mention also that Lyness and Delves [12] and Lyness and Moler [13], and later Lyness [11], developed formulae for
numerical integration and numerical differentiation of complex functions.
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