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a b s t r a c t

In this paperwe enumerate and give bijections for the following four sets of vertices among
rooted ordered trees of a fixed size: (i) first-children of degree k at level ℓ, (ii) non-first-
children of degree k at level ℓ− 1, (iii) leaves having k − 1 elder siblings at level ℓ, and (iv)
non-leaves of outdegree k at level ℓ− 1. Our results unite and generalize several previous
works in the literature.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Let Tn be the set of rooted ordered treeswith n edges. It is well known that the cardinality of Tn is the nth Catalan number

Catn =
1

n + 1

(
2n
n

)
.

For example, there are 5 rooted ordered trees with 3 edges, see Fig. 1. Clearly the number of vertices among trees in Tn is

(n + 1)Catn =

(
2n
n

)
.

Given a rooted ordered tree, a vertex v is a child of a vertex u and u is the parent of v if v is directly connected to u when
moving away from the root. A vertex without children is called a leaf. Note that by definition the root is not a child. Vertices
with the same parent are called siblings. Since siblings are linearly ordered, when drawing trees the siblings are put in the
left-to-right order. Siblings to the left of v are called elder siblings of v. The leftmost vertex among siblings is called the
first-child. In Fig. 1, there are 10 first-children as well as 10 leaves, which is precisely a half of all 20 vertices in trees in T3.

In 1999, Shapiro [6] proved the following using generating functions.

Theorem 1. For any positive integer n, the following four sets of vertices among trees in Tn are equinumerous:

(i) first-children,
(ii) non-first-children,
(iii) leaves, and
(iv) non-leaves.
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Fig. 1. The five trees in T3 .

Here, the cardinality of each set is

1
2

(
2n
n

)
,

which is a half of the number of vertices among trees in Tn.

Seo and Shin [5] gave an involution proving (iii) and (iv) are equinumerous. The equality with the other two sets is easily
seen: (i) and (iv) are equinumerous since each non-leaf has its unique first-child and the union of (i) and (ii) is the samewith
(iii) and (iv).

1.1. Degree and outdegree

The degree of a vertex is the number of edges incident to it. As every edge has a natural outward direction away from the
root, we can have the notion of the outdegree of a vertex v, which is the number of edges starting at v and pointing away from
the root. Since each vertex has a degree and each non-leaf has a positive outdegree, Theorem 1′ can be restated as follows.

Theorem 1′ ([6]). Let n ≥ 1. Among trees in Tn, the number of vertices of positive degree equals twice the number of vertices of
positive outdegree.

In 2004, Eu, Liu, and Yeh [4] proved combinatorially the following by constructing a two-to-one correspondence which
answered a problem posed by Deutsch and Shapiro [3, p. 259].

Theorem 2 ([4]). Let n ≥ 1. Among trees in Tn, the number of vertices of odd degree equals twice the number of vertices of odd
positive outdegree.

In light of these two results, it is natural to ask ifmore can be said. In Corollary 6wewill prove that for any positive integer
k the number of vertices of degree k always equals twice the number of that of outdegree k among trees in Tn.

1.2. Even and odd level

A vertex v in a rooted tree T is at level ℓ if the distance (number of edges) from the root to v is ℓ. By an involution, the
following result was obtained by Chen, Li, and Shapiro [1].

Theorem 3 ([1]). The number of vertices at odd levels equals the number of vertices at even levels among trees in Tn.

It is again natural to ask if more can be said. In Corollary 8 of this paper we will prove that for any positive integer k the
number of vertices of degree k at odd levels always equals the number of vertices of degree k at even levels among trees in
Tn.

1.3. Main result

In this paper we generalize the above by regarding both degrees and levels simultaneously. We will give a combinatorial
proof for the following main result.

Theorem 4. Given n ≥ 1, for any two positive integers k and ℓ, there are one-to-one correspondences between the following four
sets of vertices among trees in Tn:

(i) first-children of degree k at level ℓ,
(ii) non-first-children of degree k at level (ℓ− 1),
(iii) leaves having exactly (k − 1) elder siblings at level ℓ, and
(iv) non-leaves of outdegree k at level (ℓ− 1).
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