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and Kim (2010), whose degreesareq+2,q+1,q9,q— 1, ,/qg— 1(when q is a square), and 2.
In this paper, we consider an actual upper bound on such numbers for curves of low degree
for g < 7. Also we give explicit examples of curves attaining the sharp bound for each d
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1. Introduction and preliminaries

Let Fy be the finite field with g elements, and P? = Pz(Fq) the projective plane over the algebraic closure Fq of .
We denote by IP’Z(IFq) = {(a,B,y) € P> | a,B,y € Fq}, the set of Fy-rational points or simply Fg-points over Fj.
Let C be an algebraic curve on P? defined by a homogeneous equation f(x,y,z) = 0 whose coefficients are in F,, and
C(Fq) = {(a, B, y) € IP’Z(IFq) | f(a, B, y) = 0}. We denote by Ny(C) = #C(]Fq), the number of F4-points on C. For a curve C
of degree d, B. Segre [8] mentioned that Ny(C) < dq + 1 and the equality holds if and only if C splits into d distinct lines. In
this paper, we are interested in the value Ny(C) for a curve C with no Fg-linear component. We need not suppose that C is
irreducible or nonsingular. The second and the third authors proved the following theorem.

Theorem 1 ([5, Theorem 3.1]). If C is a plane curve of degree d > 2 over Fq without an Fy-linear component, then the number
of Fq-points is bounded by

Ny(C) = (d—1)g+ 1,
unless C is a curve over F4 which is projectively equivalent to the curve defined by the following equation

x4yt 2 X2 4 Y22 220 4 Xz 4+ xyPz + xyz? = 0, (1)
which has 14(= (d — 1)q + 2) F4-points.

We denote by My(d) the maximum of N,(C) where C is a plane curve of degree d with no Fy-linear component. Then the
above theorem says that My(d) < (d—1)q+ 1forevery gand d > 2 except for (q, d) = (4, 4). In[4], they give some examples
of curves of degree q+2,q+1,q,9— 1, ,/q— 1(when q is a square), and 2 which attain the bound. Thus for such degrees, the
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bound is sharp. Now we want to know the sharp bound for each degree other than them. If the degree is bigger than q + 2,
then the sharp boundis ¢*> + ¢+ 1 = #IP’Z(IE‘Q) and examples are given in Proposition 1.1 in [3]. Note that every absolutely
irreducible plane curve of degree 2, which we call a conic, over F; contains q 4 1 Fg-points. Thus we are concentrated on
the degrees d with 3 < d < q — 2. For q = 2, 3, 4, we are done. Note that, for ¢ = 4 and d = 4, the sharp bound is 14 as we
stated in above theorem. For ¢ = 5, only the case d = 3 is remained, and for ¢ = 7, the cases d = 3, 4, 5 are remained. Thus
we may consider only the cases (q, d) = (5, 3) or (7, 3) or (7, 4) or (7, 5).

R. Schoof [7] determined the number of projectively inequivalent nonsingular plane cubic curves over Fg with a given
number of Fg-points. K.-O. Stéhr and J.F. Voloch [9] proved the Stéhr-Voloch bound, that is, #C(Iﬁ‘q) < %d(d +q— 1) for
a nonsingular and Frobenius classical C of degree d. The Stéhr-Voloch bound is effective even for an irreducible Frobenius
classical curve C with singularities. For reader’s convenience, we give its proof below. We remark that any curves over Fg
are Frobenius classical for a prime number q.

Lemma 2 (The Stéhr-Voloch Bound for Irreducible Curves). If C is absolutely irreducible and Frobenius classical curve of degree
d > 2 on the projective plane over Iy, then we have Ny(C) < %d(d +q-—1).

Proof. Let F(xg, X1, X;) = 0 be a defining equation of C. Let C’ be another curve with the equation Foxg + le‘i + szg =0,
where F; is the partial derivative of F with respect to x;. For a nonsingular F-point P on C, comparing the equations of C’
and the tangent line of C at P, we know P is also contained in C’. By easy computation, we know that the tangent line of C’
at P is equal to that of C. Thus the intersection multiplicity of C and C" at P, I(C, C’; P) is at least two. For a singular F4-point
P, since Fo(P) = F1(P) = F»(P) = 0, P is contained in C’. Since P is a singular point of C, we have I(C, C’; P) > 2. Note
that C is irreducible and Frobenius classical, C is not a component of C’. Thus we have |C(Fy)| < %Zpemc/l(C, C;P) <
1(degC)- (degC) = Jd(d+q—1). O

The following lemma is a corollary of the Sziklai bound, which guarantees a plane curve without Fg-linear components
having many F,-points to be absolutely irreducible.

Lemma 3. Let C be a curve over I, of degree d > 2 in P? without Fy-linear components. If Ny(C) > (d — 2)q + 3, then C is
absolutely irreducible.

Proof. See [6, Corollary 2.2]. O

We need some notations. For a nonnegative integer i, we call an Fg-line £ an i-line of the curve C if £ contains exactly i
points in C(Fy), and a; denotes the number of i-lines on the projective plane. For a point P € IP’z(IFq), P is said to be of type
iq‘ it (i > -0 > i > 0;1q,...,1; > 0)if the number of ij-lines through P is r; (i = 1 , t). The spectrum of C is
defined to be the sequence of integers (do, a1, - . . , dg+1). We denote 6,(q):="P"(F,;) = Z‘Holr, =q+1,
Z‘”lr“_N C)for P € P2(FFy) \ C(F,) [resp. Zq“r] (i — 1)+ 1= Ny(C) for P € C(F ]andZ‘HO]a,_Qz (q).

2. Thecased =3 or4

In this section we give the sharp bounds for cases (q, d) = (5, 3), (7, 3), (7, 4). Some examples are found by elementary
computation using Maple 16.

2.1. M5(3) = 10 and M(3) = 13

Let C be a curve of degree 3 without F-linear component. If C is not absolutely irreducible, by Lemma 3, Ny(C) < q + 2.
If C is absolutely irreducible, by Lemma 2, Ny(C) < %(q + 2). Thus M5(3) < 10 [resp. M;(3) < 13]. For nonsingular curves C,
using Schoof’s result [7], we also know that there is a unique (up to projective equivalence) nonsingular plane cubic curve
with 10 Fs-points [resp. 13 F7-points] as well as M5(3) < 10 [resp. M7(3) < 13]. Using elementary computation by Maple
16, we could find irreducible cubics with 10 Fs-points [resp. 13 F;-points], which are projectively equivalent to each other,
so we give one as follows;

2x3 + 4x%y + 3y> + x%z 4 2x2%[resp. 3y° + 4x%z + xz> + 62°],
whose spectrum is (ao, a1, a;, as) = (4, 6,9, 12) [resp. (ap, ai, az, az) = (9, 14, 12, 22)]. Thus Ms(3) = 10 and M7(3) = 13.

2.2. Mj(4) =20

Let C be a curve of degree 4 without F7-linear component. If C is not absolutely irreducible, by Lemma 3, Ng(C) < 16.1If C
is absolutely irreducible over Fy, then by Lemma 2, Ng(C) < 20. Using elementary computation by Maple 16, we could find
curves of degree 4 with 20 F,-points, which must be absolutely irreducible, as follows;

6x3y + 3x°y? + 5xy° + 5x°z + 5x%yz + 3y3z + 2x22% + 6x2° + 4yz> = 0,
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