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a b s t r a c t

In this paper, we study 24 possibilities of directed strongly regular graphs with adjacency
matrix of rank 6, our proof is based on two effective algorithms. At last, we get 4 families
of directed strongly regular graphs with realizable parameter sets, exclude 20 families of
directed strongly regular graphs with feasible parameter sets; partially solve the classifi-
cation problem of directed strongly regular graphs with adjacency matrix of rank 6.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

A directed strongly regular graph (DSRG) with parameters (n, k, µ, λ, t) is a k-regular directed graph on n vertices such
that every vertex is on t 2-cycles (whichmay be thought of as undirected edges), and the number of paths of length two from
a vertex x to a vertex y is λ if there is an edge directed from x to y and it is µ otherwise. A DSRG with t = k is an (undirected)
strongly regular graph. Duval [1] showed that DSRGs with t = 0 are the doubly regular tournaments. It is therefore usually
assumed that 0 < t < k.

Jørgensen [2] gave a characterization of DSRGs whose adjacency matrix has rank 3 or 4, proved that there exists a DSRG
with parameters (n, k, µ, λ, t) and with adjacencymatrix of rank 3 if and only if the parameters are either (6m, 2m,m, 0,m)
or (8m, 4m, 3m,m, 3m), for some positive integer m, and there exists a DSRG with parameters (n, k, µ, λ, t) and with
adjacency matrix of rank 4 if and only if the parameters are either (6m, 3m, 2m,m, 2m) or (12m, 3m,m, 0,m), for some
positive integerm.

Jørgensen [3] studied the relation between the number of vertices of a DSRG n, regular of degree k and rank of adjacency
matrix r , determined the set Br of all values of k

n for which there exists a k-regular n×n matrix with rank r .
Jørgensen [4] gave a characterization of DSRGs whose adjacency matrix has rank 5, proved that there exists a DSRG with

parameters (n, k, µ, λ, t) and with adjacency matrix of rank 5 if and only if the parameters are either (20m, 4m,m, 0,m),
(36m, 12m, 5m, 2m, 5m), (10m, 4m, 2m,m, 2m), (16m, 8m, 5m, 3m, 5m), (20m, 12m, 9m, 6m, 9m) or (18m, 12m, 10m, 7m,
10m), for some positive integerm.

In this paper,we studyDSRGswith adjacencymatrix of rank6. From [3]wehave:B6 = {
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the set of all values of k
n for which there exists a k-regular n×nmatrix with rank 6. Let A be a k-regular n×nmatrix with rank

6 and k
n = q, where q ∈ {

1
6 ,

2
9 ,

3
11 ,

3
10 ,

4
13 ,

1
3 ,

5
14 ,

5
13 ,

7
16 ,

8
17 ,

1
2 ,

9
17 ,

9
16 ,

7
12 ,

8
13 ,

7
11 ,

9
14 ,

2
3 ,

9
13 ,

7
10 ,

8
11 ,

7
9 ,

4
5 ,

5
6 }. We only consider

the 24 values of k
n .
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2. DSRGs with realizable parameters and with rank 6

Lemma 1 (See [1]). If G is a DSRG with (n, k, µ, λ, t) and with adjacency matrix A, then the complementary graph G is a DSRG
with (n, k̄, µ̄, λ̄, t̄), where k̄ = n − k − 1, λ̄=(n − 2k) + (µ − 2), t̄ = (n − 2k) + (t + 1), µ̄=(n − 2k) + λ.

Lemma 2 (See [4]). Suppose that there exists a DSRG with parameters (n, k, µ, λ, t), then the parameters satisfy

k(k + (µ − λ)) = t + (n − 1) µ, (1)

and

0 ≤ λ < t, 0 < µ ≤ t, −2 (k − t − 1) ≤ µ − λ ≤ 2 (k − t) , (2)

the eigenvalues of the adjacency matrix are

k > ρ =
1
2

(− (µ − λ) + d) > σ =
1
2

(− (µ − λ) − d) ,

for some positive integer d, where d2 = (µ − λ)2 + 4 (t − µ). The multiplicities are

1, −
k + σ (n − 1)

ρ − σ
,
k + ρ (n − 1)

ρ − σ
, (3)

respectively.

We say that (n, k, µ, λ, t) is a feasible parameter set if the conditions (1) and (2) are satisfied and the multiplicities in (3)
are positive integers, andwe say that (n, k, µ, λ, t) is a realizable parameter set if there exists a DSRGwith these parameters.

Lemma 3 (See [1]). Let A be the adjacency matrix of a DSRG with parameters (n, k, µ, λ, t) (A ̸= Jn − In), and Jm be the m×m
matrix of all 1’s (m > 1). Then A×Jm is the adjacency matrix of a DSRG if and only if t = µ. In this case the parameter set for
A×Jm is (nm, km, µm, λm, tm). The result also holds for Jm×A.

Lemma 4 (See [4]). If (n, k, µ, λ, t) are the parameters of a DSRG with t = µ and rank r and with k
n =

a
b , where a and b are

relatively prime integers, then
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,

for some positive integer m, where c is the greatest common divisor

c = gcd(ab, ra2, (r − 1)b2).

DSRGs with parameters (30, 5, 1, 0, 1) and (15, 4, 1, 1, 2) were constructed by Duval in [1]. The complementary graph
of a DSRG with parameters (15, 4, 1, 1, 2) has parameters (15, 10, 8, 6, 8). Jørgensen constructed a DSRG with parameters
(15, 5, 2, 1, 2). In [5], Olmez constructed DSRGs with parameters (n, k, µ, λ, t) = (ls2 + s, ls+ s−1, l+1, l+ s−2, l+ s−1),
where l, s are positive integers. This proves that a DSRG with parameters (10, 5, 3, 2, 3) exists. From Lemmas 3 and 4, we
can get easily Theorem 5.

Theorem 5. There exists a DSRG with parameters (n, k, µ, λ, t) and with adjacency matrix of rank 6 if only the parameters
are either (30m, 5m,m, 0,m), (15m, 10m, 8m, 6m, 8m), (15m, 5m, 2m,m, 2m) or (10m, 5m, 3m, 2m, 3m), for some positive
integer m.

3. DSRGs with unrealizable parameters and with rank 6

In this section, we consider q =
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n×n (0, 1)-matrix with rank 6 and k
n = q, then J −A is an (n− k)-regular n×n (0, 1)-matrix of rank 6 with ratio n−k

n = 1− q.

Lemma6. Let A be a k-regular n×n (0, 1)-matrix withm identical rows (columns), then J−A also hasm identical rows (columns).

We can easily get Lemma 6. Thus A and J − A have the same properties with respect to identical rows and identical
columns, we only consider q < 1

2 in the following. We let jn ∈ Rn denote the vector with all entries equal to 1.

Theorem 7. Let A be a k-regular n×n (0, 1)-matrix with rank r and k
n = q. Let M be a r×n submatrix of A of rank r. Let C be

a r×r submatrix of M of rank r with rows r1, . . . , rr , columns c1, . . . , cr . Let N be a n×r submatrix of A which regards C as its
submatrix. Then the following conditions are all satisfied:

(1) there exist unique real numbers α1, . . . , αr so that
∑r

i=1αiri = jTr , α1 + · · · + αr =
1
q ;

(2) any row of N can be written as
∑r

i=1κiri, where κ1 + · · · + κr = 1;
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