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a b s t r a c t

In this paper, we consider the classification of nonorientable regular embeddings of
cartesian products Gd of a graph G. We show that if G is a bipartite graph and d ≥ 3, then
there is no nonorientable regular embedding. This is a generalization of the result that there
is no nonorientable regular embeddings of Qn for n ≥ 3 shown by R. Nedela and the author
in 2007.WhenG is non-bipartite and d ≥ 3,we show that if there is a nonorientable regular
embedding of Gd, then there is a nonorientable regular embedding of G. Furthermore, we
show that any nonorientable regular embedding of Gd with d ≥ 3 is isomorphic to a Petrie
dual of some orientable regular embedding of Gd.

Using these results, we classify the nonorientable regular embeddings of cartesian
products Cd

n of a cycle Cn; for even n there is no nonorientable regular embedding except
when d = 1, and for odd n there is a unique nonorientable regular embedding for each d.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

All graphs in this paper are connected graphs except when we refer to subgraphs of the cycle space C(G). Amap is a 2-cell
embedding of a graph G into a compact, connected surface. An automorphism of a map is an automorphism of a graph G
which extends to a self-homeomorphism of the underlying surface. The group Γ := Aut (M) of all automorphisms of M
acts semi-regularly on its flags – mutually incident triples of the form vertex–edge–face. If Aut (M) acts regularly on the
flags, then the map M as well as the corresponding embedding is also called regular. Equivalently, M is regular if and only
if there are three involutions λ, ρ and τ in Γ , each fixing a distinct pair of elements v, e, f of some flag (v, e, f ) such that
|⟨λ, ρ, τ ⟩| = 4|E(G)|; in this case we have Γ = ⟨λ, ρ, τ ⟩. In what follows we shall assume that M is a regular map with λ
fixing e and f , and ρ fixing v and f , so τ fixes v and e. We call such a triple (λ, ρ, τ ) a regular embedding triple of G. If M is a
nonorientable regular map, then (λ, ρ, τ ) is called a nonorientable regular embedding triple of G. By regularity of the action,
τλ = λτ . Thus the stabilizerΓe ∼= Z2×Z2 is a dihedral group of order 4. Similarly, the stabilizersΓv = ⟨ρ, τ ⟩ andΓf = ⟨λ, ρ⟩

of v and f are dihedral groups of orders 2m and 2n, where m and n are the valency and the covalency of M, respectively.
So the order of G is 4|E(G)|. When a regular map M is represented in this way by a triple of involutions λ, ρ, τ , we write
M = M(λ, ρ, τ ).

Conversely, for a graphG and for three involutions λ, ρ, τ ∈ Aut (G) such that (i) ρ, τ fix a vertex v and the cyclic subgroup
⟨ρτ ⟩ acts regularly on the arcs emanating from v and (ii) λ, τ fix an edge e = {u, v} incident to v, vλ = u and λτ = τλ, the
triple (λ, ρ, τ ) is a regular embedding triple of G if and only if the order of the group ⟨λ, ρ, τ ⟩ is 4|E(G)|. Furthermore, for a
regular embedding triple (λ, ρ, τ ) of G, there is a corresponding regular embedding M of G such that Aut (M) = ⟨λ, ρ, τ ⟩,
namely M = M(λ, ρ, τ ).
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Two regular maps M(λ, ρ, τ ) and M′(λ′, ρ ′, τ ′) with the underlying graphs G and G′ are isomorphic if there is a graph
isomorphism ψ from G to G′ such that ψ−1λψ = λ′, ψ−1ρψ = ρ ′ and ψ−1τψ = τ ′. A detailed explanation of the above
representation of regular maps can be found in [1, Theorem 3]. The basics of the theory of regular maps as well as somemore
information can be found in papers [7,8,12–14].

If a regularmap is determined by an embedding i : G ↦→ S of a graph G into a surface S, we say that i is a regular embedding
of G. The surface underlying a map M is nonorientable if and only if there is a cycle C whose regular neighbourhood forms
a subspace homoeomorphic to a Möbius band. Such a cycle will be called reversible. If M is regular with AutM = ⟨λ, ρ, τ ⟩
then the nonorientability of S is reflected by the fact that the even word subgroup Aut +(M) = ⟨ρτ, τλ⟩ = ⟨R, L⟩ is the full
automorphism group Aut (M), where R = ρτ and L = τλ. In particular, if there exists a reversible cycle C of length n in
M then there is an associated identity of the form LRm1LRm2 . . . LRmn = τ in Aut (M). Vice-versa, an existence of such an
identity in Aut (M) forces Aut (M+) = Aut (M), so M is nonorientable.

Only for few families of graphs a complete classification of their regular embeddings is known. Such embeddings of
complete graphs Kn have been classified by James [5] andWilson [15]: these exist if and only if n is 3, 4 or 6. Nedela and the
author [10] have shown the nonexistence of a nonorientable regular embedding of the n-dimensional cube graph Qn for all
n except n = 2. Jones and the author [6] have shown that there exists a regular embedding of the Hamming graph H(d, n) if
and only if n = 2 and d = 2, or n = 3 or 4 and d ≥ 1, or n = 6 and d = 1 or 2. In contrast with all other known cases, the
complete bipartite graph Kn,n has a nonorientable regular embedding for infinitely many values of n, as shown by Kwak and
the author [9]: in fact, such an embedding exists if and only if n ≡ 2 (mod 4) and all odd prime divisors of n are congruent
to ±1 (mod 8).

Our paper is organized as follows. In the next section, several properties of cartesian products of graphswill be considered.
In Section 3, we deal with nonorientable regular embeddings of cartesian products of graphs. In Sections 4 and 5, we classify
nonorientable regular embeddings of cartesian products Cd

n of cycles Cn.

2. Cartesian products of graphs

For graphs G and H , the cartesian product of G and H denoted by G□H is the graph with the vertex set V (G) × V (H) such
that for two vertices (g1, h1), (g2, h2) ∈ V (G)×V (H), (g1, h1) and (g2, h2) are adjacent in G□H if and only if either h1 = h2 and
g1g2 ∈ E(G), or g1 = g2 andh1h2 ∈ E(H). InG□H , the graphsG andH are called factorsofG□H . For two edges e1 = g1g2 ∈ E(G),
e2 = h1h2 ∈ E(H), the product e1□e2 is a 4-cycle in G□H . We call such 4-cycles parallel 4-cycles of G□H . A graph G is called a
prime graph ifG cannot be describedby a cartesian product of twonontrivial graphs. Note that the cartesian product operation
is commutative and associative up to isomorphism. For given graphs G0, . . . ,Gd−1, the cartesian product G0□ · · ·□Gd−1 is
denoted by

∏d−1
i=0 Gi. Especially if G0 = · · · = Gd−1, then

∏d−1
i=0 Gi is simply denoted by Gd. For any j = 0, . . . , d − 1 and for

any vi ∈ V (Gi), (i = 0, . . . , d − 1), the subgraph of
∏d−1

i=0 Gi induced by {(v0, . . . , vj−1, uj, vj+1, . . . , vd−1) | uj ∈ V (Gj−1)} is
isomorphic to Gj. We call such a subgraph a fibre of

∏d−1
i=0 Gi or a (j + 1)th fibre of

∏d−1
i=0 Gi at (v0, . . . , vd−1). Note that we use

the subscripts 0, 1, . . . , d − 1 instead of 1, . . . , d because it is convenient to express the elements in Sd as permutations of
0, 1, . . . , d − 1.

Recall that subgraphs of a graph G whose connected components are Eulerian graphs form, under symmetric difference
and natural scalar multiplication by 0 and 1, a vector space over Z2 called a cycle space C(G) of G. Here a subgraph F is
interpreted as a vector over Z2 by identifying the edge-set of F with its indicator vector. In [2], R. Hammack constructed a
basis of the cycle space C(G□H) composed of some parallel 4-cycles and some cycles in each fibre of G□H . Hence we have
the following proposition.

Proposition 2.1. For given graphs G0, . . . ,Gd−1, there is a basis of the cycle space C(
∏d−1

i=0 Gi) composed of some parallel 4-cycles
and some cycles in each fibre of

∏d−1
i=0 Gi.

Let G be embedded into a nonorientable surface and let B(G) be a basis of cycle space C(G) such that B(G) is composed of
some cycles in G. Now we have an assignment ω from B(G) to the 2-element field Z2 = {0, 1}, which is also a vector space
over itself, such that if a cycle in B(G) is reversible then the assigned value is 1; otherwise 0. Now themapω can be extended
to the linearmap from the cycle space C(G) to {0, 1} such that for any C1, . . . , Ck ∈ B(G),ω(C1+· · ·+Ck) = ω(C1)+· · ·+ω(Ck),
where the addition in C1 + · · · + Ck is the symmetric difference. Note that for a cycle C in Gwith C = C1 + · · · + Ck for some
C1, . . . , Ck ∈ B(G), ω(C) = 1 if and only if the number of reversible cycles among C1, . . . , Ck is odd, which is equivalent to
that C is reversible. Hence there is a reversible cycle in B(G), and so we have the following corollary.

Corollary 2.2. For given graphs G0, . . . ,Gd−1, suppose that there is a nonorientable embedding of
∏d−1

i=0 Gi. Then there is a
reversible parallel 4-cycle or reversible cycle in some fibre of

∏d−1
i=0 Gi.

For given prime graphs G0, . . . ,Gd−1, suppose that there is a nonorientable regular embeddingM of
∏d−1

i=0 Gi. Then there
is a graph automorphism φ fixing some vertex v of

∏d−1
i=0 Gi and φ cyclically permute all neighbours of v. This implies that

φ cyclically permute the d fibres containing v [4,11]. This means that all G0, . . . ,Gd−1 are isomorphic, namely,
∏d−1

i=0 Gi is
isomorphic to Gd

0. Therefore, to consider nonorientable regular embeddings of cartesian products, it suffices to consider such
embeddings of Gd for a prime graph G.
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