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a b s t r a c t

We construct several classes of completely regular codes with different parameters, but
identical intersection array. Given a prime power q and any two natural numbers a, b,
we construct completely transitive codes over different fields with covering radius ρ =

min{a, b} and identical intersection array, specifically, one code over Fqr for each divisor
r of a or b. As a corollary, for any prime power q, we show that distance regular bilinear
forms graphs can be obtained as coset graphs from several completely regular codes with
different parameters.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

Let Fq be a finite field of the order q and F∗q = Fq \ {0}. A q-ary linear code C of length n is a k-dimensional subspace
of Fn

q . Given any vector v ∈ Fn
q , its distance to the code C is d(v, C) = minx∈C {d(v, x)}, the minimum distance of the code is

d = minv∈C {d(v, C\{v})} and the covering radius of the code C isρ(C) = maxv∈Fnq {d(v, C)}.We say that C is a [n, k, d; ρ]q code.
The Hamming weight wt(v) of a vector v ∈ Fn

q wt() is the number of its nonzero entries, i.e. wt(v) = d(v, 0). Let D = C+x be
a coset of C , where +means the component-wise addition in Fq. Theweight wt(D) of D is the minimumweight of the vectors
in D. The weight distribution of D is the (n + 1)-tuple (w0, w1, . . . , wn) of nonnegative integers, where wi is the number of
codewords of D of weight i.

For a given q-ary code C with covering radius ρ = ρ(C) define

C(i) = {x ∈ Fn
q : d(x, C) = i}, i = 1, 2, . . . , ρ.

Say that two vectors x and y are neighbors if d(x, y) = 1. For two vectors x = (x1, . . . , xn) and y = (y1, . . . , yn) over Fq denote
by ⟨x, y⟩ their inner product over Fq, i.e.

⟨x, y⟩ = x1y1 + · · · + xnyn.
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The linear code C⊥ = {v | ⟨v, x⟩ = 0 for all x ∈ C} is the dual code of C . Let s(C) be the outer distance of C , i.e. the number
of different nonzero weights of codewords in the dual code C⊥.

Definition 1.1 ([4]). A q-ary code C with covering radius ρ is called completely regular if the weight distribution of any coset
D of C is uniquely defined by the minimum weight of D.

An equivalent definition of completely regular codes is due to Neumaier [11].

Definition 1.2 ([11]). A q-ary code C is completely regular, if for all l ≥ 0 every vector x ∈ C(l) has the same number cl of
neighbors in C(l − 1) and the same number bl of neighbors in C(l + 1). Define al = (q − 1)n − bl − cl and set c0 = bρ = 0.
Denote by {b0, . . . , bρ−1; c1, . . . , cρ} the intersection array of C .

Let M be a monomial matrix, i.e. a matrix with exactly one nonzero entry in each row and column. If q is a prime, then
Aut(C) consist of all monomial (n× n)-matricesM over Fq such that cM ∈ C for all c ∈ C . If q is a power of a prime number,
then Aut(C) also contains any field automorphism of Fq (which can be seen as maps of Fn

q into itself by acting on each of the
coordinates) preserving C . The group Aut(C) acts on the set of cosets of C in the following way: for all σ ∈ Aut(C) and for
every vector v ∈ Fn

q we have (v+ C)σ = vσ
+ C .

Definition 1.3 ([7,15]). Let C be a linear code over Fq with covering radius ρ. Then C is completely transitive if Aut(C) has
ρ + 1 orbits in its action on the cosets of C .

Since two cosets in the same orbit should have the same weight distribution, it is clear, that any completely transitive
code is completely regular.

Definition 1.4 ([1]). Let C be a q-ary code of length n and let ρ be its covering radius. We say that C is uniformly packed in
the wide sense if there exist rational numbers α0, . . . , αρ such that for any v ∈ Fn

q

ρ∑
k=0

αk fk(v) = 1, (1)

where fk(v) is the number of codewords at distance k from v.

Completely regular and completely transitive codes are classical subjects in algebraic coding theory, which are closely
connected with graph theory, combinatorial designs and algebraic combinatorics. Existence, construction and enumeration
of all such codes are open hard problems (see [3,6,8,11] and references there).

In this paper we extend our previous construction [13] connecting it with [14] and, as a result, we obtain, for any prime
power q, several different infinite classes of completely regular codes with different parameters n, k, q and with identical
intersection arrays. This gives different presentations, as coset graphs, of distance-regular bilinear form graphs.

Under the same conditions, an explicit construction of an infinite family of q-ary uniformly packed codes (in the wide
sense) with covering radius ρ, which are not completely regular, is also given.

2. Preliminary results

Lemma 2.1 ([11]). Let C be a linear completely regular code with intersection array {b0, . . . , bρ−1; c1, . . . , cρ}, and let µi be the
number of cosets of C of weight i. Then

µi−1bi−1 = µici.

Definition 2.2. For two matrices A = [ar,s] and B = [bi,j] over Fq define a new matrix H which is the Kronecker product
H = A⊗ B, where H is obtained by replacing any element ar,s in A by the matrix ar,sB.

Consider the matrix H = A ⊗ B and let C , CA and CB be the codes over Fq which have, respectively, H , A and B as parity
check matrices. Assume that A and B have size ma × na and mb × nb, respectively. Clearly, the codewords in code C are
presented as matrices [c] of size nb × na:

[c] =

⎡⎢⎢⎣
c1,1 . . . c1,na
c2,1 . . . c2,na
...

...
...

cnb,1 . . . cnb,na

⎤⎥⎥⎦ =
⎡⎢⎢⎣

c1
c2
...

cnb

⎤⎥⎥⎦ = [
c(1) c(2) . . . c(na)

]
, (2)

where ci,j = ar,jbs,i, cr is the rth row vector of the matrix C and c(ℓ) is its ℓth column.
The following result was obtained in [13].
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