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a b s t r a c t

Recently, linear codes constructed from defining sets have been studied extensively. They
may have a few weights if the defining set is chosen properly. Let m and t be positive
integers. For an odd prime p, let r = pm and Tr be the absolute trace function from Fr
to Fp. In this paper, for b ∈ F∗

p , we define Db =
{
(x1, . . . , xt ) ∈ Ft

r : Tr (x1 + · · · + xt ) = b
}
,

and determine the complete weight enumerator of a class of p-ary linear codes given
by

CDb = {c(a1, a2, . . . , at ) : a1, . . . , at ∈ Fr },

where

c(a1, a2, . . . , at ) = (Tr (a1x21 + · · · + atx2t ))(x1,...,xt )∈Db .

Then we get their weight enumerators explicitly, which will give us several linear codes
with a few weights. As a generalization of Wang et al. (arXiv:1512.03866), this paper
extends the result of Ahn et al. (2016).

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Throughout this paper, let r = pm for an odd prime p and a positive integerm. Denote by Fr a finite field with r elements.
The complete weight enumerator of a code C over Fp enumerates the codewords according to the number of symbols of
each kind contained in each codeword (see [19]). Denote elements of the field by Fp = {z0, z1, . . . , zp−1}, where z0 = 0. For
a vector v = (v0, v1, . . . , vn−1) ∈ Fn

p , the composition of v, denoted by comp(v), is defined as

comp(v) = (k0, k1, . . . , kp−1),

where kj is the number of components vi (0 ⩽ i ⩽ n − 1) of v that equal to zj. It is easy to see that
∑p−1

j=0 kj = n. Let
A(k0, k1, . . . , kp−1) be the number of codewords c ∈ C with comp(c) = (k0, k1, . . . , kp−1). Then the complete weight
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enumerator of the code C is the polynomial

CWE(C) =

∑
c∈C

zk00 zk11 · · · z
kp−1
p−1

=

∑
(k0,k1,...,kp−1)∈Bn

A(k0, k1, . . . , kp−1)z
k0
0 zk11 · · · z

kp−1
p−1 ,

where Bn = {(k0, k1, . . . , kp−1) : 0 ⩽ kj ⩽ n,
∑p−1

j=0 kj = n}.
The complete weight enumerators of linear codes are of vital use because they not only give the weight enumerators

but also show the frequency of each symbol appearing in each codeword. Blake and Kith investigated the complete weight
enumerator of Reed–Solomon codes and showed that they could be helpful in soft decision decoding [2,13]. Kuzmin and
Nechaev investigated the generalized Kerdock code and related linear codes over Galois rings and determined their complete
weight enumerators in [14] and [15]. In [12], the study of the monomial and quadratic bent functions was related to the
complete weight enumerators of linear codes. Recently, a lot of progress has been made on this subject. Ding et al. [9,10]
showed that complete weight enumerators can be applied to the calculation of the deception probabilities of certain
authentication codes. In [4,5,11], the authors studied the complete weight enumerators of some constant composition codes
and presented some families of optimal constant composition codes.

We introduce the generic construction of linear codes developed by Ding et al. in [6–8]. Set D = {d1, d2, . . . , dn} ⊆ Fr ,
where r = pm. Denote by Tr the absolute trace function. A linear code associated with D is defined by

CD = {(Tr (ax))x∈D : a ∈ Fr}.

Then D is called the defining set of this code CD. Along this line, a great deal of research is devoted to the computation of
the complete weight enumerators and weight enumerators of specific codes, see [1,16,17,21,22,25]. In [8], the code CD with
two or three weights was proposed with D = {x ∈ F∗

r : Tr (x2) = 0}, and its complete weight enumerator was established
in [16,23]. If D = {x ∈ F∗

r : Tr (x) = 0}, Yang and Yao [24] presented the complete weight enumerator of CD = {(Tr (ax2))x∈D :

a ∈ Fr}. If D = {x ∈ F∗
r : Tr (x) = b ̸= 0}, Wang, Li and Lin [22] studied its weight enumerator. We mention that the result

of [24] was generalized by Ahn, Ka and Li [1] considering D =
{
(x1, . . . , xt ) ∈ Ft

r \ {(0, . . . , 0)} : Tr (x1 + · · · + xt ) = 0
}
and

CD = {c(a1, a2, . . . , at ) : a1, . . . , at ∈ Fr}, (1)

where

c(a1, a2, . . . , at ) = (Tr (a1x21 + · · · + atx2t ))(x1,...,xt )∈D. (2)

In this paper, for b ∈ F∗
p , we define

Db =
{
(x1, . . . , xt ) ∈ Ft

r : Tr (x1 + · · · + xt ) = b
}
,

and examine the corresponding code CDb defined by (1) and (2). This work is strongly inspired by the above construction.
Actually, the code CDb is equal to CD1 , which will be shown later. Therefore, if the context is clear, we may write D1 as D, and
then investigate the code CD. To be precise, we present explicitly its complete weight enumerator and obtain several linear
codes with a few weights, which may have many applications in association schemes [3] and secret sharing schemes [8]. In
this paper, we extend the main result of Ahn, Ka and Li [1]. Also notice that this is a generalization of [22] where the case
t = 1 was settled. In addition, some examples are included to illustrate our results.

2. Mathematical foundations

We begin with cyclotomic classes and Gaussian periods over finite fields. Recall that r = pm. Let α be a primitive element
of Fr and r − 1 = sN for two positive integers s > 1, N > 1. The cyclotomic classes of order N in Fr are the cosets
C (N,r)
i = αi

⟨αN
⟩ for i = 0, 1, . . . ,N−1,where ⟨αN

⟩ denotes the subgroup ofF∗
r generated byαN .We know that #C (N,r)

i =
r−1
N .

Set ζp = exp
(

2π
√

−1
p

)
. Then Gaussian periods of order N are defined by

η
(N,r)
i =

∑
x∈C (N,r)

i

ζ Tr (x)
p ,

where Tr is the absolute trace function from Fr to Fp.
If λ is a multiplicative character of F∗

r , then we can define Gauss sum G(λ) over Fr as

G(λ) =

∑
x∈F∗

r

λ(x)ζ Tr (x)
p .

Next, let us review some results on Gaussian periods and Gauss sums.



Download English Version:

https://daneshyari.com/en/article/5776955

Download Persian Version:

https://daneshyari.com/article/5776955

Daneshyari.com

https://daneshyari.com/en/article/5776955
https://daneshyari.com/article/5776955
https://daneshyari.com

