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a b s t r a c t

This paper is about counting the number of distinct (scattered) subwords occurring in
a given word. More precisely, we consider the generalization of the Pascal triangle to
binomial coefficients of words and the sequence (S(n))n≥0 counting the number of positive
entries on each row. By introducing a convenient tree structure, we provide a recurrence
relation for (S(n))n≥0. This leads to a connection with the 2-regular Stern–Brocot sequence
and the sequence of denominators occurring in the Farey tree. Then we extend our
construction to the Zeckendorf numeration system based on the Fibonacci sequence. Again
our tree structure permits us to obtain recurrence relations for and the F-regularity of the
corresponding sequence.

© 2017 Elsevier B.V. All rights reserved.

1. Introduction

A finiteword is simply a finite sequence of letters belonging to a finite set called the alphabet.We recall from combinatorics
on words that the binomial coefficient

(u
v

)
of two finite words u and v is the number of times v occurs as a subsequence of u

(meaning as a ‘‘scattered’’ subword). As an example, consider the following binomial coefficient for two words over {0, 1}(
101001
101

)
= 6.

Indeed, if we index the letters of the first word u1u2 · · · u6 = 101001, we have

u1u2u3 = u1u2u6 = u1u4u6 = u1u5u6 = u3u4u6 = u3u5u6 = 101.

Observe that this concept is a natural generalization of the binomial coefficients of integers. For a one-letter alphabet {a},
we have(

am

an

)
=

(
m
n

)
, ∀m, n ∈ N (1)

where am denotes the concatenation of m copies of the letter a. For more on these binomial coefficients, see, for instance,
[26, Chap. 6]. There is a vast literature on the subject with applications in formal language theory (e.g., Parikh matrices,
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Table 1
The first few values in the generalized Pascal triangle P2 .

ε 1 10 11 100 101 110 111 S

rep2(0) ε 1 0 0 0 0 0 0 0 1
rep2(1) 1 1 1 0 0 0 0 0 0 2
rep2(2) 10 1 1 1 0 0 0 0 0 3
rep2(3) 11 1 2 0 1 0 0 0 0 3
rep2(4) 100 1 1 2 0 1 0 0 0 4
rep2(5) 101 1 2 1 1 0 1 0 0 5
rep2(6) 110 1 2 2 1 0 0 1 0 5
rep2(7) 111 1 3 0 3 0 0 0 1 4

Fig. 1. Positive values in the generalized Pascal triangle P2 (on the left) and the compressed version (on the right).

p-group languages or piecewise testable languages [21,22]) and combinatorics on words (e.g., avoiding binomial repeti-
tions [28]). One of the first combinatorial questions was to determine when it is possible to uniquely reconstruct a word
from some of its binomial coefficients; for instance, see [12].

The connection between the Pascal triangle and the Sierpiński gasket is well understood. Considering the intersection of
the lattice N2 with the region [0, 2j

] × [0, 2j
], the first 2j rows and columns of the usual Pascal triangle (

(m
n

)
mod 2)m,n<2j

provide a coloring of this lattice. If we normalize this region by a homothety of ratio 1/2j, we get a sequence in [0, 1]× [0, 1]
converging, for the Hausdorff distance, to the Sierpiński gasket when j tends to infinity. In [24] we extend this result for a
generalized Pascal triangle defined below.

Definition 1. We let rep2(n) denote the (greedy) base-2 expansion ofn ∈ N\{0} startingwith 1 (these expansions correspond
to expansions with most significant digit first). We set rep2(0) to be the empty word denoted by ε. Let L2 = {ε} ∪ 1{0, 1}∗
be the set of base-2 expansions of the integers. For all i ≥ 0, we denote by wi the ith word in L2. Observe that wi = rep2(i)
for i ≥ 0.

To define an array P2, we will consider all the words over {0, 1} (starting with 1) and we order them by the radix order
(i.e., first by length, then by the classical lexicographic ordering for words of the same length assuming 0 < 1). For all i, j ≥ 0,
the element in the ith row and jth column of the array P2 is defined as the binomial coefficient

(
wi
wj

)
of the words wi, wj from

Definition 1. This array is a generalized Pascal triangle that was introduced in [24] and its first few values are given in Table 1.
These values correspond to thewords ε, 1, 10, 11, 100, 101, 110, 111. In Table 1, the elements of the classical Pascal triangle
arewritten in bold. A visual representation is given in Fig. 1wherewe have represented the positive values and a compressed
version of the same figure. In Table 1, we also add an extra column in which we count, on each row of P2, the number of
positive binomial coefficients as explained in Definition 2.

Definition 2. We are interested in the sequence3 (S(n))n≥0 whose nth term, n ≥ 0, is the number of non-zero elements in
the nth row of P2. Hence, the first few terms of this sequence are

1, 2, 3, 3, 4, 5, 5, 4, 5, 7, 8, 7, 7, 8, 7, 5, 6, 9, 11, 10, 11, 13, 12, 9, 9, 12, 13, 11, 10, . . . .

Otherwise stated, for n ≥ 0, we define

S(n) := #
{
v ∈ L2 |

(
rep2(n)

v

)
> 0

}
. (2)

3 The sequence obtained by adding an extra 1 as a prefix of our sequence of interest matches exactly the sequence A007306 found in Sloane’s On-Line
Encyclopedia of Integer Sequences [33].
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