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Abstract

Given a graph G = (V, E) whose vertices have been properly coloured, we say that
a path in G is colourful if no two vertices in the path have the same colour. It is
a corollary of the Gallai-Roy Theorem that every properly coloured graph contains
a colourful path on x(G) vertices. We explore a conjecture that states that every
properly coloured triangle-free graph G contains an induced colourful path on x(G)
vertices and prove its correctness when the girth of G is at least x(G). Recent work
on this conjecture by Gyéarfas and Sarkozy, and Scott and Seymour has shown the
existence of a function f such that if x(G) > f(k), then an induced colourful path
on k vertices is guaranteed to exist in any properly coloured triangle-free graph G.
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1 Introduction

All graphs considered in this paper are simple, undirected and finite. For a
graph G = (V, E), we denote the vertex set of G by V(G) and the edge set
of G by E(G). A function ¢ : V(G) — {1,2,...,k} is said to be a proper
k-colouring of G if for any edge uv € E(G), we have c(u) # c(v). A graph
is properly coloured, if it has an associated proper k-colouring ¢ specified (for
some k). The minimum integer k for which a graph G has a proper k-colouring
is the chromatic number of G, denoted by x(G). A subgraph H of a properly
coloured graph G is said to be colourful if no two vertices of H have the same
colour. If a colourful subgraph H of G is also an induced subgraph, then we
say that H is an induced colourful subgraph of G.

It is a corollary of the classic Gallai-Roy Theorem [4] that every (not nec-
essarily optimally) properly coloured graph G has a colourful path on x(G)
vertices (an alternative proof for this is given in Theorem 2.3). We are in-
terested in the question of when one can find colourful paths that are also
induced in a given properly coloured graph. Note that the colourful path on
X(G) vertices that should exist in any properly coloured graph G may not
always be an induced path. In fact, when G is a complete graph, there is no
induced path on more than two vertices in the graph. The following conjecture
is due to N. R. Aravind [2].

Conjecture 1.1 Let G be a triangle-free graph that is properly coloured. Then
there is an induced colourful path on x(G) vertices in G.

Recently, Gyafas and Sarkozy [7] studied this conjecture and showed that
there exists a function f(k) such that in any properly coloured graph G with
girth at least 5 and x(G) > f(k), there is an induced colourful path on k
vertices. This was improved by Scott and Seymour [11], who showed the
existence of a function f(k) such that in any properly coloured triangle-free
graph G with chromatic number at least f(k), there is an induced colourful
path on k vertices. In fact, they proved the more general result that for any
two integers k and t, there exists a function f(k,t) such that in any properly
coloured graph G with w(G) < t and x(G) > f(k,t), there is an induced
colourful path on k vertices.

A necessary condition for Conjecture 1.1 to hold is the presence of an in-
duced path on x(G) vertices in any triangle free graph G. Indeed something
stronger is known to be true: each vertex in a triangle-free graph G is the start-
ing point of an induced path on x(G) vertices [5]. Concerning induced trees,
Gyarfas [6] and Sumner [12] conjectured that there exists an integer-valued
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