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Abstract

A universal word for a finite alphabet A and some integer n ≥ 1 is a word over A
such that every word of length n appears exactly once as a (consecutive) subword.
It is well-known and easy to prove that universal words exist for any A and n. In
this work we initiate the systematic study of universal partial words. These are
words that in addition to the letters from A may contain an arbitrary number of
occurrences of a special ‘joker’ symbol � /∈ A, which can be substituted by any
symbol from A. For example, u = 0�011100 is a universal partial word for the
binary alphabet A = {0, 1} and for n = 3 (e.g., the first three letters of u yield the
subwords 000 and 010). We present results on the existence and non-existence of
universal partial words in different situations (depending on the number of �s and
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their positions), including various explicit constructions. We also provide numerous
examples of universal partial words that we found with the help of a computer.
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1 Introduction

De Bruijn sequences are a centuries-old and well-studied topic in combina-
torics, and over the years they found widespread use in real-world applica-
tions, e.g., in the areas of molecular biology, computer security, computer
vision, robotics and psychology experiments (detailed references are given in
[7]). More recently, they have also been studied in a more general context
by constructing so-called universal cycles for other fundamental combinato-
rial structures such as permutations or subsets of a fixed ground set (see
e.g. [8,14,16]).

In the context of words over a finite alphabet A, we say that a word u is
universal for An if u contains every word of length n ≥ 1 over A exactly once
as a (consecutive) subword. For example, for the binary alphabet A = {0, 1}
and for n = 3, u = 0001011100 is a universal word for A3. Note that reversing
a universal word, or permuting the letters of the alphabet yields a universal
word again. The following classical result is the starting point for our work
(see [10,15,17]).

Theorem 1.1 For any finite alphabet A and any n ≥ 1, there exists a uni-
versal word for An.

The standard proof of Theorem 1.1 is really beautiful and concise, using
the De Bruijn graph, its line graph and Eulerian cycles (see [8]).

1.1 Universal partial words

In this paper we consider universality of so-called partial words, words that
in addition to letters from A may contain any number of occurrences of an
additional special symbol � /∈ A. The idea is that every occurrence of � can
be substituted by any symbol from A, so we can think of � as a ‘joker’ or
‘wildcard’ symbol. Formally, we define A� := A∪{�} and we say that a word
v = v1v2 · · · vn ∈ An appears as a factor in a word u = u1u2 · · · um ∈ Am
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