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Abstract

We prove that Alekhnovich’s algorithm can be used for row reduction of skew
polynomial matrices. This yields an O(�3n(ω+1)/2 log(n)) decoding algorithm for
�-Interleaved Gabidulin codes of length n, where ω is the matrix multiplication ex-
ponent.
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1 Introduction

It is shown in [1] that Interleaved Gabidulin codes of length n ∈ N and inter-

leaving degree � ∈ N can be error- and erasure-decoded by transforming the
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following skew polynomial [2] matrix into weak Popov form (cf. Section 2) 2 :

B =

⎡
⎢⎢⎣

xγ0 s1x
γ1 s2x

γ2 . . . s�x
γ�

0 g1x
γ1 0 . . . 0

0 0 g2x
γ2 . . . 0

...
...

...
. . .

...
0 0 0 . . . g�x

γ�

⎤
⎥⎥⎦ , (1)

where the skew polynomials s1, . . . , s�, g1, . . . , g� and the non-negative integers
γ0, . . . , γ� arise from the decoding problem and are known at the receiver. Due
to lack of space, we cannot give a description of Interleaved Gabidulin codes,
the mentioned procedure and the resulting decoding radius here and therefore
refer to [1, Section 3.1.3]. By adapting row reduction 3 algorithms known for
polynomial rings F[x] to skew polynomials, a decoding complexity of O(�n2)
can be achieved [1]. In this paper, we adapt Alekhnovich’s algorithm [7] for
row reduction of F[x] matrices to the skew polynomial case.

2 Preliminaries

Let F be a finite field and σ an F-automorphism. A skew polynomial ring

F[x, σ] [2] contains polynomials of the form a =
∑deg a

i=0 aix
i, where ai ∈ F and

adeg a �= 0 (deg a is the degree of a), which are multiplied according to the rule
x · a = σ(a) · x, extended recursively to arbitrary degrees. This ring is non-
commutative in general. All polynomials in this paper are skew polynomials.

It was shown in [6] for linearized polynomials and generalized in [3] to
arbitrary skew polynomials that two such polynomials of degrees ≤ s can be
multiplied with complexity M(s) ∈ O(s(ω+1)/2) in operations over F, where ω
is the matrix multiplication exponent.

A polynomial a has length len a if ai = 0 for all i = 0, . . . , deg a − len a
and adeg a−len a+1 �= 0. We can write a = ãxdeg a−len a+1, where deg ã ≤ len a,
and multiply a, b ∈ F[x, σ] by a · b = [ã · σdeg a−len a+1(b̃)]xdeg a+deg a−len a−len b+1.
Computing σi(α) with α ∈ F, i ∈ N is in O(1) (cf. [3]). Hence, a and b of
length s can be multiplied in M(s) time, although possibly deg a, deg b � s.

Vectors v and matrices M are denoted by bold and small/capital letters.
Indices start at 1, e.g. v = (v1, . . . , vr) for r ∈ N. Ei,j is the matrix containing
only one non-zero entry = 1 at position (i, j) and I is the identity matrix. We
denote the ith row of a matrix M by mi. The degree of a vector v ∈ F[x, σ]r

is the maximum of the degrees of its components deg v = maxi{deg vi} and

2 Afterwards, the corresponding information words are obtained by � many divisions of
skew polynomials of degree O(n), which can be done in O(�n(ω+1)/2 log(n)) time [3].
3 By row reduction we mean to transform a matrix into weak Popov form by row operations.
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