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a b s t r a c t

Given a linear equation L, a set A ⊆ [n] is L-free if A does not
contain any ‘non-trivial’ solutions to L. In this paper we consider
the following three general questions:

(i) What is the size of the largest L-free subset of [n]?
(ii) How many L-free subsets of [n] are there?
(iii) How many maximal L-free subsets of [n] are there?

We completely resolve (i) in the case when L is the equation
px + qy = z for fixed p, q ∈ N where p ≥ 2. Further, up to
a multiplicative constant, we answer (ii) for a wide class of such
equations L, thereby refining a special case of a result of Green
(2005). We also give various bounds on the number of maximal
L-free subsets of [n] for three-variable homogeneous linear equa-
tions L. For this, we make use of container and removal lemmas of
Green (2005).

© 2017 Elsevier Ltd. All rights reserved.

1. Introduction

Let [n] := {1, . . . , n} and consider a fixed linear equation L of the form

a1x1 + · · · + akxk = b (1)

where a1, . . . , ak, b ∈ Z. If b = 0 we say that L is homogeneous. If∑
i∈[k]

ai = b = 0

then we say that L is translation-invariant. Let L be translation-invariant. Then notice that (x, . . . , x)
is a ‘trivial’ solution of (1) for any x. More generally, a solution (x1, . . . , xk) to L is said to be trivial if
there exists a partition P1, . . . , Pℓ of [k] so that:
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(i) xi = xj for every i, j in the same partition class Pr ;
(ii) For each r ∈ [ℓ],

∑
i∈Pr ai = 0.

A set A ⊆ [n] is L-free if A does not contain any non-trivial solutions to L. If the equation L is clear
from the context, then we simply say A is solution-free.

The notion of anL-free set encapsulatesmany fundamental topics in combinatorial number theory.
Indeed, in the case when L is x1 + x2 = x3 we call an L-free set a sum-free set. This is a notion that
dates back to 1916 when Schur [34] proved that, if n is sufficiently large, any r-colouring of [n] yields
a monochromatic triple x, y, z such that x + y = z. Sidon sets (when L is x1 + x2 = x3 + x4) have
also been extensively studied. For example, a classical result of Erdős and Turán [16] asserts that the
largest Sidon set in [n] has size (1 + o(1))

√
n. In the case when L is x1 + x2 = 2x3 an L-free set is

simply a progression-free set. Roth’s theorem [27] states that the largest progression-free subset of [n]
has size o(n). In [28,29], Ruzsa instigated the study of solution-free sets for general linear equations.

In this paper we prove a number of results concerning L-free subsets of [n] where L is a
homogeneous linear equation in three variables. In particular, our work is motivated by the following
general questions:

(i) What is the size of the largest L-free subset of [n]?
(ii) How many L-free subsets of [n] are there?
(iii) How manymaximal L-free subsets of [n] are there?

We make progress on all three of these questions. For each question we use tools from graph
theory; for (i) and (ii) our methods are somewhat elementary. For (iii) our method is more involved
and utilises container and removal lemmas of Green [18].

1.1. The size of the largest solution-free set

As highlighted above, a central question in the study of L-free sets is to establish the size µL(n) of
the largest L-free subset of [n]. It is not difficult to see that the largest sum-free subset of [n] has size
⌈n/2⌉, and this bound is attained by the set of odd numbers in [n] and by the interval [⌊n/2⌋ + 1, n].

When L is x1 + x2 = 2x3, µL(n) = o(n) by Roth’s theorem. In fact, very recently Bloom [9] proved
that there is a constant C such that every set A ⊆ [n] with |A| ≥ Cn(log log n)4/log n contains a three-
term arithmetic progression. On the other hand, Behrend [7] showed that there is a constant c > 0 so
that µL(n) ≥ n exp(−c

√
log n). See [15,19] for the best known lower bound on µL(n) in this case.

More generally, it is known that µL(n) = o(n) if L is translation-invariant and µL(n) = Ω(n)
otherwise (see [28]). For other (exact) bounds on µL(n) for various linear equations L see, for
example, [28,29,6,14,21].

In this paperwemainly focus onL-free subsets of [n] for linear equationsL of the form px+qy = z
where p ≥ 2 and q ≥ 1 are fixed integers. Notice that for such a linear equation L, the interval
[⌊n/(p + q)⌋ + 1, n] is an L-free set. Our first result implies that this is the largest such L-free subset
of [n]. Let min(S) denote the smallest element in a finite set S ⊆ N.

Theorem 1. Let L denote the equation px + qy = z where p ≥ q and p ≥ 2, p, q ∈ N. Let S be an L-free
subset of [n], and let min(S) = ⌊

n
p+q⌋ − t where t is a non-negative integer.

(i) If 0 ≤ t < ( p+q−1
p+q+p/q )⌊

n
p+q⌋ then |S| ≤ ⌈

(p+q−1)n
p+q ⌉ − ⌊

p
q t⌋.

(ii) If t ≥ ( p+q−1
p+q+p/q )⌊

n
p+q⌋ then |S| ≤

(q2+1)n
q2+q+1

provided that

n ≥ max
{3(q2 + q + 1)(q3 + p(q2 + q + 1))

q2 + 1
,

5(q2 + q + 1)(q5 + p(q4 + q3 + q2 + q + 1))
q4 + (p − 1)q3 + q2 + 1

}
.

In both cases of Theorem 1 we observe that |S| ≤ n − ⌊
n

p+q⌋, hence the following corollary holds.
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