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1. Introduction

A set of N permutations of [v] = {1,2,...,v} is (N,v,t)-suitable if each symbol
precedes each subset of ¢ — 1 others in at least one permutation; necessarily we must
have ¢t < min(v, N). We represent such a set as an N x v array called an (N, v, t)-suitable
array. For example, {2413,3421, 1423} is a (3,4, 3)-suitable set of permutations and its

corresponding array is
2 4 1 3
3 4 2 1.
1 4 2 3

Given an (N,wv,t)-suitable array, we can readily form an (N + 1,v,t)-suitable array
by adding an arbitrary extra row, and an (N,v — 1,t)-suitable array by removing all
occurrences of a single symbol (and left-justifying the remaining symbols). This simple
observation motivates two fundamental extremal problems:

(P1) Given v and ¢, what is the smallest N for which an (N, v, t)-suitable array exists?
We denote this as N (v, t) (following [3]), which is well-defined: the v x v array whose
initial elements are 1,2, ..., v is (v,v,t)-suitable for each ¢ < v and so N(v,t) < v.

(P2) Given N and ¢, what is the largest v for which an (N, v,t)-suitable array ex-
ists? We denote this as SUN(¢, N) (following [1]). It is well-defined for ¢ > 3:
we then have SUN(t, N) < 22" [15], and SUN(t,N) > N by reference to the
(v,v,t)-suitable example just described. But SUN(2,N) is not well-defined for
N > 2, because the N x v array whose first two rows are [1 2 ... v—1 v]
and [v v—1 ... 2 1]is (N,v,2)-suitable for arbitrarily large v.

In 1950, Dushnik [3] introduced problem (P1), showing by combinatorial arguments
that N(v,t) = v — j+ 1 for each j satisfying 2 < j < /v and for each ¢ satisfying

FJ+j—1§t< {,LJ+j—2.
J J—1

This determines N(v,t) exactly for all ¢ in the range

h\%JJ+WﬂJ1gt<v.

In particular, when the lower bound is attained (arising by taking j = [\/v]), both v
and N (v,t) grow as O(t?).

Spencer [15] continued the study of problem (P1) in 1971. Under the condition
that ¢ > 3 is fixed, he used a theorem due to Erdés and Szekeres [6] to show that
N(v,t) > logylog, v (or equivalently SUN(¢, N) < 22") and Sperner’s lemma [16] and
the Erdés—Ko-Rado theorem [5] to show that N = O(log, log, v) as v — oco.
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