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A regular map M is a 2-cell embedding of a connected 
graph into an orientable surface such that the group of all 
orientation-preserving automorphisms of the embedding acts 
transitively on the set of all incident vertex-edge pairs called 
arcs. Such a map M is called a regular Cayley map for the 
finite group G if M is the embedding of a Cayley graph 
C(G, S) such that G induces a vertex-transitive group of map 
automorphisms preserving orientation. In addition, if there 
is an orientation-reversing automorphism, the map is called 
reflexible. In this paper, we classify all reflexible Cayley maps 
for dihedral groups.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Let G be a finite group, and let X ⊆ G \{1G} be a generating set for G which is closed 
under taking inverses. The Cayley graph C(G, X) for the pair (G, X) has vertex set G, 

✩ The work was partially supported by the Slovenian–Korean bilateral project, grant no. BI-KOR/
13-14-002. The first author was supported in part by the Slovenian Research Agency (research program 
P1-0285 and research projects N1-0032, J1-5433, and J1-6720). The second author was supported by 
Basic Science Research Program through the National Research Foundation of Korea (NRF) funded by 
the Ministry of Education, Science and Technology (2010-0022142).

E-mail addresses: istvan.kovacs@upr.si (I. Kovács), ysookwon@ynu.ac.kr (Y.S. Kwon).

http://dx.doi.org/10.1016/j.jctb.2017.06.002
0095-8956/© 2017 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jctb.2017.06.002
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jctb
mailto:istvan.kovacs@upr.si
mailto:ysookwon@ynu.ac.kr
http://dx.doi.org/10.1016/j.jctb.2017.06.002


JID:YJCTB AID:3088 /FLA [m1L; v1.218; Prn:15/06/2017; 8:25] P.2 (1-18)
2 I. Kovács, Y.S. Kwon / Journal of Combinatorial Theory, Series B ••• (••••) •••–•••

with any two vertices g, h ∈ G joined by an edge whenever g−1h ∈ X. It follows that the 
Cayley graphs considered in this article are finite, connected, undirected and simple.

A (topological) map is a 2-cell embedding of a connected graph into a closed surface. 
We are interested in particular embeddings of Cayley graphs on surfaces. It is well 
known that to describe an embedding of a graph into an orientable surface, one just 
needs to specify, at every vertex, a cyclic ordering of edges emanating from the vertex. 
A graph automorphism which can be extended to a homeomorphism of the supporting 
surface onto itself is called a map automorphism. If the group of orientation-preserving 
automorphisms of an embedding acts transitively on incident vertex-edge pairs called 
arcs, then this action is also regular. In this case, the embedding (map) is called regular. 
In addition, if there is an orientation-reversing map automorphism, the map is called 
reflexible, and otherwise it is called chiral.

For a Cayley graph C(G, X), all edges incident to a vertex g ∈ G have the form 
{g, gx} where x ∈ X. Hence to describe an embedding of a Cayley graph in an orientable 
surface, it suffices to specify a cyclic permutation of the generating set at each vertex. If 
these cyclic permutations are the same at each vertex, which can be viewed as a cyclic 
permutation p of the set X, then the embedding is called a Cayley map and is denoted 
by CM(G, X, p). In this paper, when we describe p clearly, we sometimes omit the 
description of X because p contains full information about X. Since left multiplication by 
any fixed element of G induces an orientation-preserving automorphism of CM(G, X, p), 
Cayley maps are vertex-transitive. So a Cayley map CM(G, X, p) is regular if and only if 
the stabilizer Aut(M)1G

of the vertex 1G in the group Aut(M) acts regularly on the arcs 
emanating from 1G. A generator of Aut(M)1G

satisfies a certain system of identities [5], 
subsequently re-stated in terms of so-called skew-morphisms [6] which will be introduced 
later. For more information on regular Cayley maps, the reader is referred to [1,6,12–14].

A Cayley map M = CM(G, X, p) is called t-balanced if p(x)−1 = pt(x−1) for every 
x ∈ X. In particular, if t = 1 then M is called balanced, and if t = −1, then M is said 
to be anti-balanced. Note that a Cayley map M = CM(G, X, p) is regular and balanced 
if and only if there exists a group automorphism ψ of G whose restriction on X is p. 
Two Cayley maps CM(G1, X1, p1) and CM(G2, X2, p2) are said to be equivalent if there 
exists a group isomorphism φ : G1 → G2 mapping X1 to X2 such that φp1 = p2φ. 
Equivalent Cayley maps are isomorphic as maps. On the other hand, isomorphic Cayley 
maps may not be equivalent as Cayley maps.

The class of cyclic groups is the only class of finite groups for which all regular 
Cayley maps have been classified due to the work of Conder and Tucker [4]. Regarding 
other groups, only partial classifications are known (see, e.g. [9–11,15]). In particular, 
considerable work has been devoted to regular Cayley maps for dihedral groups. In 
this paper, the dihedral group of order 2n, n ≥ 2, will be denoted by Dn. A complete 
classification of regular Cayley maps for Dn has been given in [15] for balanced maps; 
in [11] for t-balanced maps with t > 1; in [9] for non-balanced maps with odd n; and 
in [17] for maps of so called skew-type 3. Denoted by ϕ the skew-morphism of M and 
by π the associated power function (for the definition of ϕ and π, see Section 2), the 
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